AP Calculus BC

Greetings!!!

Welcome to AP Calculus BC. The summer work will take a few hours. You’ll need a few days to do it.
Below you find Unit 1 material that includes:

1.) Unit 1 HW (blank)
2.) Unit 1 HW (worked out solutions)
3.) Unit 1 Notes (filled in)

The material that you should focus on is the HW section. The notes and solutions are there to help assist
your understanding of the material.

WHEN WE START SCHOOL IN THE FALL YOU WILL BE ASSESSED ON THIS CONTENT. We will take the first
day back to review the HW section.
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The Concept of Instantaneous Name

Rate of Change :
Date Period

1. An object dropped from a state of rest at time t = 0 travels a distance s(t) = 4.9t meters in
t seconds.
A. How far does the object travel during the time interval [2.5, 3].

B. Find the average velocity of the object over [2.5, 3].

C. Estimate the object’s instantaneous velocity at t = 2.5 seconds.

Interval [2.5,2.51] [2.5,2.505] | [2.5,2.5001]

Average
Velocity

2. Suppose Neil Armstrong decided to throw a golf ball into the air while he was standing on the
moon and that the height of the golf ball was modeled by the equation below, where s is
measured in feet and t is measured in seconds s(t) = —2.72t? + 26.9t + 6. Find the best
approximation for the instantaneous rate of change (velocity) of the golf ball at 7 seconds.

3. A pendulum swings from the ceiling. Its distance, d| in feet, from one wall of the room depends on
the number of seconds, ¢ since it was set in motion. Assume that the equation for das a function

of t isd(t) = 20 + 16 cos (%t) . You want to find out how fast the pendulum is moving at a given

instant, t, and whether it is approaching or going away from the wall.

A. Find d when t = 4. What mode should your calculator be set?

B. Estimate the instantaneous rate of change of d with respect to t when t = 2.5. At that time, is
the pendulum approaching the wall or moving away from it? Explain how you know.




4. Let C(t) be the concentration of a drug in the bloodstream. As the body eliminates the drug, C(t)
decreases at a rate that is proportional to the amount of the drug that is present at the time. Write

an algebraic expression to represent the average rate of change of the drug’s concentration for the
period t = 0 hour to t = 4 hours after the drug has been administered.

5. Compute Ay/Ax for the interval [2,6], where y = 4x — 7. What is the instantaneous rate of change
of y with respecttox atx = 27

6. An initial deposit of $500 in your bank will have a balance after t years given by the equation
P(t) = 500(1.06)¢ dollars.

A. What are the units of the rate of change of P(t)?

B. Find the average rate of change over [0, 1].
C. Estimate the instantaneous rate of change at t = 1 by computing the average rate of change

over intervals to the left and right of t = 1.

7. Each position graph shown below represents particle motion as a function of time. Match each
graph with the proper description:

A) Speeding up B) Speeding up and then slowing down
C) Slowing down D) Slowing down and then speeding up
4 4 _ 4 / 4
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Understanding Limits Name
Graphically & Numerically

Date Period
Problems 1 - 4, complete the table and use the result to estimate the limit. Graph the
function and verify your result. i
1. lim ——2— 2. lim 22X
x -2 2x°—9x+10 x—0 X
x 1.99 1.999 2 2.001 2.01 X —0.01 |—0.001 0 0.001 0.01
fx) fx)
. x?-16 . xFi-2
3. chlﬂ 2 4. }Cl—r}% po—s
X 3.99 3.999 4 4.001 | 4.01 x 2.99 2.999 3 3.001 3.01
f(x) f(x)

Problems 5 - 8, use the graph to find the limit, if it exists. If the limit does not exist, explain why.

5. A lim f(x) B. lim f(x)

C. chi_rg f(x) D. }clﬂ f(x)

E. Does lim3 f(x) exist? Why or why not?
X —

6. A. )lci_r)ré f(x) B. ,}H?- f(x)
C. }Ci_rg f(x) D. )lcl_rg f(x)
E. xl_i)r_noo f(x) E. )lcl_r)r; f(x)




7. A lim f(x) B. lim (%)
C. limf(x) D. lim f(x)
E. lim f(x) F. lim f(x)
A lim_f(x) B. lim_ f(x)
C. lip. 70 P. Jig, )
E. lim f(x) F.lim f(x)
G lim f(x) H. lim f(x)

Problems 9 - 11, Use the graph of g(x) below to determine if the statements are true or false.
If false, explain why.

9. limg(x) =14
v x4

o V=8 °

3__
/2_ 10. limg(x) =2

1__

X

— — 11. lim g(x) exists for every value of ¢ in the
4 3 2 4 1 2 3 4 5 6 Xo¢

n interval (—4, 6)




Problems 12 - 13, Sketch a graph of a function that satisfies each of the following conditions.

12. xll)nf_f(x)zz xll)r{l+f(x):—3 13. xgg_f(x)=1 xl}lzn3+f(x)=—4
f=4 lim f(x) = o lim f(x) = —o0
X2~ x-2%
1 1
51 51
41 41+
3t 3+
21+ 2+
11 11
X X
I R RF IR N IR
24 =
3+ 31
A4 4+
51 51

14. Use the table below of the rational function y = H(x) to find the indicated limits. For limits
that do not exist, write D.N.E.

x —1000 | —4.001 —4 —3.999 1.999 2 2.001 1000

H(x) | —0.998 0.666 undefined | 0.666 —4497 | undefined 4504 3.0002

A. lim H(x) = B. lim H(x) = C. lim H(x) =
x—>—4~ x—-—4% X—>—00
D. lim H(x) E. lim H(x) F. lim H(x)
G. limH(x) = H. lim H(x) =
X—2 X—>00




Mame

.3 | Properties of Limits
Date Period

Problems 1 - 6, find the limits iflim f(x) = 4and limg(x) = -3
X—=C xX—=C

1. lim[2f(x) — 3]3 2. lim[3f(x) - 2g(x)]
x=C x—c

3. limy2f(x)—4g(x . 5f(x) +2 g(x)
im 2 flx) ~4g() 4 I =@

5. liin[f(x)- (g(x) +5)] 6. lim [7 f(0)]?
x=e " x-oc 1-9()

Problems 7 - 8, use the properties of limits to evaluate. Justify each step with a named rule.

7. xll)r£13(5x +9) 8. lim ==




Problems 9 - 12, use the graphs of f and g below to evaluate the limits, if they exist.

9. lim [f(x) +4 g(x)] 10. lim[f(Cx) - g(x)]
11, lim &2 12 lim[f(g@)]

Problems 13 - 16, True or False.

f&)

] does not exist.
gx)

13. If lim f(x) = 2and lim g(x) = 0, then lim [
x—4 x—4 x—4

. _ . . e )
14. If ’lcl_rg f(x) =0and )lcl_r&g(x) = 0, then 3161_1)11 [g(x)] does not exist.

; 2
x2+4x-5 }Cl_r)r}x +4x -5

15. lim

x>1 x2+3x—4  lim x2+3x—4
x—1

lim x%-3

x%-3
16. lim =—x1
x—1 X2 +5x—4 }Cl_r)ri x2+4+5x -4




Problems 17 - 22, Use the table of values below to find limits for the following:

X -2 3 6 c
f(x) 5 0 1 lim f(x) =6
gx) -3 -2 -4 }Ci_r)rgg(x) =-2
h(x) 4 2 3 )1(1_1)2 h(x) =3

17. lim £ (g(x))

18. lcl_rg g(h(x))

. g(r)
19. lim2r )

20. lim =755

21. lim £ (g(h(0)))

22. lcl_rg g(h(f(x)))




Mame

Limits of Composite

Functions Date Period

Problems 1 - 8, Use the graphs of f(x0, g(x) and h(x) shown below to answer the following limit
questions.

_____ e

----- e || o

Lo lim [f(x) + g(x)] 2. lim [f(x) - h(x)]

im0 b

> lim h(lx| +3) 6. [9W)
xl—1>r—ns+[h(x)

7. lim g(x+2) 8 lim fVx+3




Problems 9 - 14, use the graphs of f, g and h below to evaluate the limits, if they exist.

¥

‘ Grt:zpﬁ of h(t)

11. h®x) 12. lim h(h(x))
a%l—% h(—x) °
13- lim f(g() 4 lim f (9(h())

Problems 15 - 16, Let v(x) = {

3, x=0
x, x#0

andw(x)={ 0, x=0

-3, x<0

3, x>0

15.

i%(v(x) . w(x))

16. im w(x)
x—0 v(x)

10
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Finding Limits by

Analytic Methods Date Period

Problems 1 — 16, Find each of the following limits analytically. Show your algebraic analysis.

1lim(2x2+3x) 2. lim ——
-3 \3 "t 4 t2-16
. x2-5x+6 4. lim [sin® 6 — 3 cos 0]
3. lim ———— -1
x—>-3 2x+6
) x3-8 . tané
5. lim 6. lim —
x—-2 X—2 g~ 0
. VJx+5 —-+5 1 _ 1
7. lim —— 8. lim 2% 3
x—0 X " x>0

11




. 3x
9. lim —
x—e Inx

. 3x247x+2
10. lim ————

x—27t x2—4

1

11. lim =23
x->3 XxXx-—3

[~

8x3-27
2x-3

12. lim

X —>

N w

13. lim cotx
x-nt

14. lirr(l) cos(x + sinx)
X—

3x—1, x<1 . ..
15. f(x)={ 332 x>1,f1nd)lcl_r)r}f(x)

2 _ .2
16. lim (x-l-h)—x
h-0 h

12




Problems 17 — 32, find the limits, if they exist, for the given piecewise-defined functions.

x+3, x <2 4 — x?, x<1
flx) = x?2—1, 2<x<4 glx) = 7, 1<x<3
Vx +5, x =4 2 —x, x=3
17. lim f(x) 18. lim f(x) 19. lim f(x) 20. f(2)
x-2% x—2 x-2
21. lim, f(x) 22. lim f(x) 23. lim f(x) 24. f(4)
x—47% x—4~ x4
25. lim g(x) 26. lim g(x) 27. lim g(x) 28. g(1)
x-1" x-1t x—1
i i - 32. g(3
29. xllgl_g(x) 30. ,}L‘ghg(") 31. )lcl_rgg(x) 9(3)

33. If 2< f(x) < x?+ 2 forallx, 34. If lim f(x) = —5 and lim g(x) =8,
find lim f(x) . Sketch a graph to illustrate . x=e 2 f(x) xme
x—-0 ) .
find lim

x=e g(x) = f(x)




Limits of Name
Transcendental
Functions Date Period

Problems 1 - 6, find the limits of each exponential function. If necessary, sketch a graph of the
function to help you determine the behavior and limit.

1. lim 3*** -2 2. lim 2¥ 3 +4

x——2 X—00
1\3~%

3. lim —(0.25)7**1 +5 4 im(= 1
X—>—00 x_)3 2

5 6 1 2—Xx

. : _A—x-1 . .

xll)n_q1 4 +5 ,}E{}o — <§> -3

Problems 7 - 10, use the graph of y = f(x) atright, to find each of the following limits.

7. lim fx)y=__ 8. xlirpmf(x) =
9 limflx)=____ 10. lim f(x) =




Problems 11 - 28, evaluate the limits, if they exist.

11. I sin 3x 12. I sinx secx
=0 x %0 x
* 1 — cosx
13, gy £ 222 4. iy — 7=
x—0 2 x—)% 3x
15, |, Xt Sinx 16. lim 7% +4
X0 x xX— 4
sinx
17. | cos®6 18.  lim ——>——
ook 1= sin6 0 3T
3

15




2 _
19. lim . 27)er X<z 20.  lim {ln;c, 0<x<?2
x—2 7—cos<?), x> 2 x-»3 | x*Inx,2<x<4
21.  2sin?x +3sinx —2 22, i 5x + sin2x
xl_% 2sinx —1 x—=0 X
23. l 3x COS X 24. l 1 -xX—4 5
xll;% 4 xl)r{l3 Z +
25.  5cosf — 5 26.  (x+3)In(x+5)
lim —— lim
6-0 0 x—>-3 x2 -9




27.

sin36 + 1 — cos@

28.

lim
-0

cosOsin@ —sin 6

92

Problems 29 - 30, Use the Squeeze Theorem to evaluate the following limits.

29.

lim x2 cos

30. If0 < f(x) < c for some real number c, prove that ;lci—r% x2f(x) =0




Name
Limits and Continuity
Date

Period

1. Use the graph of the function y = g(x) shown below, to evaluate each of the following.

A. lim g(x) = B. lim_g(x) =
x—-3 x—>-17

C. lim g(x) = D. g(-1) =

E. lim g(x) = F lim g(x) =

G. lim g(x) = H. lim g(x) =
x4~ x—7

J. g(7) = K. lim, g(x) =

2. Use the graph of the function y = f(x) shown below, to evaluate each of the following.

A. On the interval x € (—oo, 00), list the largest intervals
for which f(x) is continuous.

B. Find the smallest value k, such that the function
is continuous on (k, ©)

C. Find the smallest value k, such that the function
is continuous on [k, o)

_._1.
24
-3
4
.54
__._6-
__._?-
-84

D. Find the largest value of b such that y = f(x) is continuous on (—3, b] but not continuous

in (=3,b + 1]. State all values of b that would work.

18




Problem 3 - 6, determine the points, classify the type for each as removable, non-removable,
jump, or infinite.

3 4 x—4
= 3y C 9= T o0
5. h(x)=|x+2| 6. x+1 x<2
x+2 flx) = -1 x=

X2 4+1 x>2

Problems 7 - 8, use the three-part definition of continuity to determine if the given functions
are continuous at the indicated values of x.

2
e* cosx X>T 9 x%-3
= ; N = 8. g(x)= {x+3 - atx = -3
7. f&) e*tan (%), x<g WXET 5 x=-3

19




Problems 9 - 12, find all value(s) of a, b, c or k that make the function continuous everywhere.

_ ) kx? x<3
9. @)= {4x—11 x>3

C

x? x<1

10. g(x) =<4 x=1
—x3+kx x>1

T

x <0

11. h(x) = {x*+ax+b 0<x<1

6x +5

x>1

12. f(x) = {

x?2 x<1
sin(bx) x> 1

20




-3 x< -1

13. Consider the function y = f(x) to answer the following. f(x) = <mx+k —-1<x<4
3 x=4

A. What two limits must be equal in order for the function to be continuous atx = —17?

B. What two limits must be equal in order for the function to be continuous at x = 4 ?

C. Find the values of m and k so that the function is continuous everywhere.

x2—x —6
1 23—z YT
14. If y = f(x) is continuous for all x # Y evaluate the following.  f(x) ={ ¥ x
k, x=-2
A. lim+f(x) = B. lim f(x) = C. Whatis the value of k ?
1 x—1

x—>7

21




Infinite Limits and
Limits at Infinity

Mame

Date

Period

Problem 1 - 4, Find xll_r)rgo f(x) and lim f (x) , then identify all horizontal or slant asymptotes.

7 4 2x — 5x2
L f(x) = 2x2 —7x — 4

2x — 3

2f ) =G

3+ 4x — 2x3
x2 +1

3.f(x) =

x4/3 4 x1/3

4.f(x) =

(ax2/3 + 1)

Problems 5 - 6, sketch a function that satisfies the stated conditions. Include asymptotes.

5. )}ilngf(x) =-2 xl_i)r_nz_f(x) = —0

lim f(x) =+ lim f(x)=3
x —»-2% X —>—00

lim f(x)=o

X -+ 00

6. lim f(x)=+4+o0
x —->-3"
lim f(x) =3
X -2

lim f(x)=-3

X -+ 0

x 1—1>IP3+ f(X) =t

22




Problems 7 - 10, Identify all vertical asymptotes and find lim, f(x) ; im_f (x) and lim f x),
where a is the x-value of the asymptote.

— x+4 _ 2x%-x-15

7. fO) = =570 8. f(X)= S
In(x?+1) x%+3x-18

9 flx) = —/—— 0. f(0) =y

Problems 11 - 12, For the piecewise functions, find the limitasx —» o, x > — o, x - 07,

andx - 0%,
=2, %<0 —, x <0
11. f(x) = 1 12. g(x) =4 5,
=, x>0 y x20
X x+1

23




Problems 13 - 20, Evaluate the following limits without the aid of a calculator.

. 3x%2-1
13. xll—r>noo ( x2 )(

21

X

)

14. lim (M)

X >—00 2x2%2+1

15. lim (e ™*sinx)
X — 00

- 2
16. ler51+1n(x -9)

x+1 i 2%
17. = 18. lim —
x—>—1" x*-1 x-0" X
2 . 4x +9
x—00 V2x2 4+ 1 x>0 2X4“—Xx+6

24




Intermediate Value Name

Theorem Date Period

Problems 1 - 13, Use the Intermediate Value Theorem to complete.

1. In the function f(x) = x3 — x — 1, it can be shown that f(1) = —1 and f(2) = 5. Complete the
table below to find an approximation for a solution of the interval [1, 2].

X 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0

fx)

2. Find the value of ¢ guaranteed by the Intermediate Value Theorem. f(x) = x? + 4x — 13 on
[0,4] such that f(c) = 8

3. Show that g(x) = 2x3 — 5x? — 10x + 5 has a root somewhere in the interval [—1, 2].

4. Between which of the following two values does the equation 3x3 + 5x — 11 = 0 have a
solution?

(A) [-2,-1] (B) [0,1] (@ [-1,0] () [1,2]

25




5. Given the function f(x) = 22;::, determine which interval(s) satisfies the conditions for the

Intermediate Value Theorem, such that f(x) = 0.

(A) One solution betweenx =0andx=1 (B) One solution between x = 1and
x = 2

(C) One solution betweenx = 1 and (D) One solution between x = 2 and
x = 2 and one solution between x =3

x = 2andx = 3

6. Apply the Intermediate Value Theorem, if possible, on [1, 2] so that f(c) = 9 for the function
fxX)=x3+x.

7. A delivery van travels along a straight road. During the time interval 0 < t < 30 seconds, the
van’s velocity in feet per second is a continuous function. Use the table below to find the
minimum number of times that the van must have been stopped. Justify your answer.

t (sec) 0 5 7 12 18 22 30
V(t) (ft/sec) | —28 | —60 | —15 8 24 —4 10

8. Explain why the Intermediate Value Theorem does not apply for guaranteeing that a zero exists
for the function f(x) = x? + 2x + 5 over [0, 6].

26



9. The functions fand g are continuous. The function h is given by h(x) = f(g(x)) — x. The table
below gives values of the functions. Explain why there must be a value ¢ for 1 < ¢ < 5 such that
h(c) = —2.

x 1 2 3 4 5
f(x) 0 9 7 -3 8
gx) 4 6 —4 1 3

10. Given f(x) = % on the interval [—2, 2]. Determine if the IVT applies. State why or why not.

Then, find the value of ¢ such that f(¢) = g

11. Show that there is a value ¢ with 0 < ¢ < 2 such that x? + cos mx = 4. Then, use a graphing
utility to find the approximate value of c.

27




2
12. Does the IVT apply to the function h(x) = s

— ; on the interval [2.5, 5]? If so, find the value
of ¢ guaranteed to exist, such that h(c) = 12.

3—x
13. Does the IVT apply to the function f(x) = — (;) — 3 on the interval [2,5] for f(c) = —4?

14. Let f be a continuous function on the closed interval [-2, 7]. If f(—2) = —3 and
f(7) = 4, then the Intermediate Value Theorem guarantees that

(A) f(0)<0O (B) —3<f(x) <4forallx

between —2 and 7.

(C) f(c) = 1foratleastonec

(D) f(c) = 0foratleastonec
between —2 and 7

between —3 and 4

28
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The Concept of Instantaneous Name
Rate of Change

Date Period

1. An object dropped from a state of rest at time t = 0 travels a distance s(t) = 4.9t meters in
t seconds.

A. How far does the object travel during the time interval [2.5, 3]. a 4
As = SB)- 8(@8) > 441-30.635 ~ AS=13.475m

B. Find the average velocity of the object over [2.5, 3].

AROC = SB)-S@@s)_ 13415 m .95 M/s
-2.5 0.5 S

C. Estimate the object’s instantaneous velocity at t = 2.5 seconds.

mterval | (25,251 | (252505 | 2,200 | |ROC @ t=4d5s
s & A4.500 m
meee |94 549 | 45945 | oo | 0 A4S0 M

2. Suppose Neil Armstrong decided to throw a golf ball into the air while he was standing on the
moon and that the height of the golf ball was modeled by the equation below, where s is
measured in feet and t is measured in seconds s(t) = —2.72t%? + 26.9t + 6. Find the best
approximation for the instantaneous rate of change (velocity) of the golf ball at 7 seconds.

IROC = S(Tooo)— (1) _ @l-0188¢-61.02 ., -|1.180EL
- o Sec
70001 -7 0.0001

3. A pendulum swings from the ceiling. Its distance, d| in feet, from one wall of the room depends on
the number of seconds, ¢ since it was set in motion. Assume that the equation for das a function

of tisd(t) = 20 + 16 cos (%t) . You want to find out how fast the pendulum is moving at a given
instant, t, and whether it is approaching or going away from the wall.

A. Find d when t = 4. What mode should your calculator be set?

d(#) =13 ﬁ;) radian mode

B. Estimate the instantaneous rate of change of d with respect to t when t = 2.5. At that time, is
the pendulum approaching the wall or moving away from it? Explain how you know.

Rafe - d(a.900)-d(a.5) , — 8.00 Ft/sec

Q5001 -3.5 .
Pendulum is approachin +he wall. The rafe s

neqahive, so the distance i deareasirg.

31



4. Let C(t) be the concentration of a drug in the bloodstream. As the body eliminates the drug, C(t)
decreases at a rate that is proportional to the amount of the drug that is present at the time. Write

an algebraic expression to represent the average rate of change of the drug’s concentration for the
period t = 0 hour to t = 4 hours after the drug has been administered.

AC - (M -CO) _ Cc(4)-C(0)
At “4-0 N )

5. Compute Ay/Ax for the interval [2,6], where y = 4x — 7. What is the instantaneous rate of change
of y with respecttox atx = 27

\C([p) 1‘(9) _ -1 g4 £@.00)-() _
_% 4 = 2.001 -2 =4

AROC = H= IROC

6. An initial deposit of $500 in your bank will have a balance after t years given by the equation
P(t) = 500(1.06)¢ dollars.

A. What are the units of the rate of change of P(t)? dO I l&r S P er YCOW

B. Find the average rate of change over [0, 1].

P()-P(O) _ 530-500 — $30
|- 0 '
C. Estimate the instantaneous rate of change att = 1 by computing the average rate of change
over intervals to the left and right of t = 1.

P(N- P(0.999) — $ 30,88 P (1.000~P(1) _$30.5%
1-0.999 .00I-1

®bovt $30.88 per year

7. Each position graph shown below represents particle motion as a function of time. Match each
graph with the proper description:

A) Speeding up B) Speeding up and then slowing down
C) Slowing down D) Slowing down and then speeding up
A o A ey A / A
vl / P 3 //
/ ,/ ,--"-}. /
/ f P sl /
//" f/ /‘.,/ /
/ /I /I /
/ o / g
/ - ne _ / o L o
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Understanding Limits Name
Graphically & Numerically

Date Period
Problems 1 - 4, complete the table and use the result to estimate the limit. Graph the
function and verify your result.
. x—2 — . sin x
L ,}1212 2x2-9x+10 — " OOO 2. ,161_13(1, x = 1000
X 1.99 1.999 2 2.001 2.01 X —0.01 |-0.001 0 0.001 0.01

f@ [.9%0(~ 998 | dne [~1.002[~.020 f®1(,999 |.999 | dne |.999|, 999

. x2-16 o Axt1-2
3. 1Im =20 — € 000 4. lim =2 = (0,960
x | 399 [ 3999 | 4 |4001]| 401 x | 299 | 2999 | 3 | 3001 | 301

f@|7.49 |7.999| dne |8.001 | 8.0 6 ].250 | .50 |dne|.249|. a4q

Problems 5 - 8, use the graph to find the limit, if it exists. If the limit does not exist, explain why.

5. A. xl_i)rzl3 f(x) B. xl_i)r_noo f(x)
A 00
C. chi_r)réf(x) D. Jlci_r)rif(x)
O -2

' ist? ?
E. Does )lcl_rg f (x) exist? Why or why not? eCS

' = = ‘ 'CC?‘
Xh_(?\%f(x) b )2_‘:‘3_ )

A. )lci_r)r(l) f(x) B. ,}H?- f(x)

3 1

C. )lci_rgf(x) 3 D. ,lci_l;%f(x) d Ne
lim_, fF0)F [im F)
x5 X939~

E. xl_i)r_noo f(x) E. )lcl_r)r; f(x)

@ O
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A.

B. lim (%) ane
Lim £<)# lim &)

x->a X3~

Jip £

D. lim f(x)

88)

E. lim f(2) . lim, f(x)
- -3
8. A lim_f(x) B. lim, f(x)
4% — Q0
C. lim f(x) D. lim, ()
BTES A 'Z'ﬁ' R 1 3
E. lim f(x) F. lim f(x)
') 2
G. lim f(x) dne Holimfe)  dne

Lim £0)£ [im £

X="3"

X=>"3t

lim (<) + hm Fx
>~ a2t

Problems 9 - 11, Use the graph of g(x) below to determine if the statements are true or false.
If false, explain why.

o~
!

‘1 !

L y=gX)

9. limg(x) = 4 hm g&) )

False bu,t A4)=4
10. limg(x) =2

True

11. lim g(x) exists for every value of ¢ in the
X—C

interval (—4,6) .
im g0 d.n.e.
X>3

False
34




Problems 12 - 13, Sketch a graph of a function that satisfies each of the following conditions.

12 lim flx)=2 xlir{lJrf(x) 3 13. x_}ﬁr:};_f(x) xl}fn3+f(x) 4
f)=4 lim f(x) = o lim f(x) = —
X2~ x-2%
B Al
5._
4--
Iy
2.-
i | /
X X
5 5 5 4 4

Answers may vary

14. Use the table below of the rational function y = H(x) to find the indicated limits. For limits
that do not exist, write D.N.E.

x —1000 | —4.001 —4 —3.999 1.999 2 2.001 1000
H(x) | —0.998 0.666 undefined | 0.666 —4497 | undefined 4504 3.0002
A. lim HXx) = _‘Q, B. lim H(x)= A C. lim H(x) = "'j_
xX—>—4" x—>—4% — X——00
3
D. lim H(x) 3 E. lim H(x) 20 Flim H(x) = 89

G. limH(x) = D.NE H.

Im A& =3
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@ Properties of Limits

Name

Date

Period

Problems 1 - 6, find the limits iflim f(x) = 4and limg(x) = -3
X—C X—C

1. 11m [2f(x) —3]3

2. lim[3f(x) - 29(x)]

: 3
[Q I;(a;f(x)— lim 3] 3 lim $00- 2 lin 909
Qep-3]" = 125|504 a3 = 12
3. lim\/Zf(x)—4g(x) 4. }612%
\/ELIW\ f60=H lim 969 5(4) +3 (=3
X>c - 2—4
Jae-H(z =al5 | -0k - Bo -9
5. llm[f(x) (g(x) +5)] 6. lim [7 ()]
5 x-c 1-gXx)
hIY\ fx) - LQ@(X)-F J [’1 fim (] 49 () AW g,
4 (-345) = lim g - i 900 1= =

Problems 7 - 8, use the properties of limits to evaluate. Justify each step with a named rule.

7. xll,rfl (5x+9) 8. li_r,riﬁ
im 5X+ lim 9 SFLB)S;\e hm  3x Quotient
X3 X773 X‘”‘ Rule

- 15 +9 Svlbstitutiof )‘(Q} (X‘a)

—_ Ay
= L
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Problems 9 - 12, use the graphs of f and g below to evaluate the limits, if they exist.

9. lim [f(x) +4 g(x)] 10. lim[f(x) - g(x)] '
im £0) + A >‘<l>ma 96 lin £69 - lim g 00
*X>-3
.5+ 4(—1) 3 - dne
—d.5 DNE

1. lim 25 12. lim[f(g)] 2 fH4
-7

E\'m 4’—(966)
(:\I/Y\ 9()«} rf(&)] 16

x>H

him £ (X)
X23

Problems 13 - 16, True or False.

13. If hm f(x) = 2and hm g(x) =0, then llm [f( )] does not exist.
True

. _ . _ . [re@ .
14. If )lcl_r)réll f(x) =0and glcl_r&g(x) = 0, then }CI_IH [g(x)] does not exist.

False
Factor + cancely $0 could pe frve .
15 I e X5 ol
i (X+H) (=1 alse
16. :lcl_r;[} xZDJCer3 P }Cigl:lciifsj—zy ‘ ° - 5 lﬁ— _‘7‘ C

1245(D-4 ~ [2+5(1)H
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Problems 17 - 22, Use the table of values below to find limits for the following:

X -2 3 6 c
f(x) 5 0 1 lim f(x) =6
gx) -3 -2 —4 Li_r)rég(x) =-2
h(x) 4 2 3 }Cl_rg h(x) =3

17. lim f(g(x))

18. lim g(h(x))

g[ iw "]
3 (3

B9, =
19. hinigfﬁ 3 20. hinf{h(<)))

E}I(M ‘F(X?] ((o) ||{Y£ ‘(:(.X> _ ©
->c - =2 = —
. +£(3)

o
h[k—ﬂ 4] h( ) WCEI#)YC\ n(x)
= L - —% dne

21. lim f(g(h(x)))

(g (lim h(x))

X>C

£(q(3))
£ (-2)
5

—_—
—_———

22. lim g(h(f(x)))

q (h( lim £00)

X2C

g(h (oY)
q(3
—2
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Limits of Composite
Functions

L

Name

Date Period

Problems 1 - 8, Use the graphs of f(x0, g(x) and h(x) shown below to answer the following limit

questions.

Lo lim [f(x) + g(x)]

\(m £ + lim g(x) |,m £0) - lim h(x)
X1 x> B X-0
1+ =L | oex» -4
o0 i, f(h) Letu=h(x) [+ imf@ let u= €00
limu= o hon k= H
X7=d X2\
lim £(w)= lim VU — _
U0 5 W->4 = 4 =
5. lim h(lx| +3) Let u= [X43 | & . [g(x)
RGN TN v
: - (o
J#Zl u=1 '}_KZ g 9% 5 - 4
><|1>N.\5+ h(X) S
7. Jim g(x+2) et u=x+3 |8  ympvxT3 = VXx+3
[im == o ' — —
s Wy ==
‘ ™ £ =
lAILN‘\Sg (W~ done MORICESS
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Problems 9 - 14, use the graphs of f, g and h below to evaluate the limits, if they exist.

L

N IR
~Graph of g(x) ||

llllll

10. lim [(g(x))2 — 5]

(3);—2 same.
S i
i 9P -5 = 4
12. lim h(h(0) = O U= htx _
lm ln(u)’o= 71(@)_(1:4
et }Sﬂmﬁ li U= yt
\lim hu)=0 x>0
u= 4t
Jim l|/Y\ w2 14. xlirzlzf(g(h(x))) |6‘|’ V= S[u)
== 1o im v= -
\|Q5’p(lk) L+ Sy\aé_v:#hlm r:__j Le;\ l{{:'.ha(f) K>3 ) 3
lin F(w) = RS Ve \im £(v) =
X773 Jimit DNE e V>3 —

Problems 15 - 16, Let v(x) = {j ;:8 and w(x) =

-3, x<0
0, x=0
3, x>0

|

15. chi_r)r(l)(v(x) . w(x))

lim V() - lim w(x) =
x20* X>0%

(0)(=3) or (O(3)

0

16y ¥0 = QP
x=0 v(x) ———— 8
in WK =23 im W) 3
w0~ Vixy =00l X0t V(x) om
d0 a0
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Finding Limits by Name
Andlytic Methods Date Period

Problems 1 — 16, Find each of the following limits analytically. Show your algebraic analysis.

t-4+  durect sbb |5_Q.

1. llm(3x +3x) Z.Ei_{l}} T 1e
(‘ 2 hm ()|
37+ 5(3) {l-,?ll (t+) (D)
o + 1 | \ :
lim _
1D A t+4 3

3. lim x*-5x+6 ‘FdCb('s (L(ém 4911_r,r}TSIH 0 —3cosb
check hm\’rs %om both sidgl  Im (s'\ﬂze)— \é@ 1]@ cos© )

rqll
x>-3% y-> (+)$OO}DNE. (Sm‘ﬂ)a — 3cosM

X773 Y» B 500 0-3C) = 2

5. lim = 6. 1 nta;ze

o MCXQ'FQX—I' ) o

i = tan(X) . KSR W>
= (4@ Gr 5 =

= 12

[ [\lx+5+f"} | [] 3(5+x)]

g I e o LY el oy evey

lim (x+5-5)1 lim 3= (3

%0 X({X+5+5) X20 3% (3+X)

- _ im -4 - —L
V55 N5 X 3Ew) 1

—_—
—_—
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3x24+7x+42

S limt DINLE

x—e Inx 10. xligl+ x%—4
Ihe ~— = X7+ (-3 (X*y
3(2.000V)+1_ _ 7,000> >0
a.0000—2  ,0000 —
11. }Cl_rg[;:_][’%ﬁ 12, 1 3 Sazcx ;7
m h/y\ (Qe3)(4x?+bx+9)
X3 .7)X(X-3) x> (2%-3)
= lim —0B) _ 21 | 43P re@H1
X73 3% 9 q +9+9
13. lim cotx gmp/\ically 14. lim cos(x + sinx)
as x=>T" ‘ cos(O+ Sin 0)
< <0 | Cos (0+0)
“1 " cos(o)
L 1
15. f(x) = {3x3x1 r=1 1 find lim £ (x) 16. lim W
' A
im £x) = 3(0-\ =) lim Xﬁaxmw
Y hvo N
(1 (0= 3¢ =3 \IIY\ %(Q)C-\'h)
>\t =
lim F0) F lim £0
x>~ X2 [+ hm (Qx+h) =
h->0

42




Problems 17 — 32, find the limits, if they exist, for the given piecewise-defined functions.

x+3, x <2 4 — x?, x<1
flx)={x*-1, 2<x<4 glx) = 7, 1<x<3
Vx +5, x =>4 2—x, x=3
17. lim f(x) 18. lim f(x) 19. lim f(x) 20. f(2)
x—-2% x—=2~ x—2

Y 5

DNE 3

24. f(4)

21. ;}iT+f(x) 22.

3

lim_ £ ()

o)

23. lim f(x)
x—4

DNE

3

i i - 28. g(1
25. lim g(x) 26. lim, g(x) 27. lim g(x) g(1)
<
29. lim g(x) 30. lim, g(x) 31. lim g(x) 32. g(3)
x-3 x—-3t x-3

L 1

DNE -1

33. If 2< f(x) < x?+ 2 forallx,
find }lcirr& f(x) . Sketch a graph to illustrate .

=a s lower bound
3;x9+a IS upper bound

_ Y= x?4+a
vJ

S

/7

34. If lim f(x) = -5 and limg(x) =8,
X—C X—C
2 f(x)
find lim ———————
P g0 - 6O

J lim F(x)

X=>C

| “lim¥

lim 300 - lim ()
A(-3) - =IO
8—(-5) E

43




Limits of Name
Transcendental
Functions Date Period

Problems 1 - 6, find the limits of each exponential function. If necessary, sketch a graph of the
function to help you determine the behavior and limit.

1. xllrll23x+4 2 -_:l 2. }Ln;ozx‘3+4 = 2_0
) = —
37°—a o> | %ow%\
b> 1\ 8A'owﬂ}x Increasing q
L, Uz'& 0S X~>00
lim —(025) 145 :; 4. }Cig(%)3_x—1 — Q
(4 B y (;f ->a
b>| "‘”ﬂ\ RN | growth '—/-FA
0<0 ﬂbrﬂecs NERIeY Eec)
deoreasmg
5 lim—4ips = A 6 lim—(%)z_x_g = —00
- | - x—>00- —
(4’5 ! — |- (-l) |=>3
- -"5 urw\ /\"
b<| deca 14045 b > ﬁro |
0<0 reflécts 0<0 ‘Tefles %::C
nCreasing decressing

Problems 7 - 10, use the graph of y = f(x) atright, to find each of the following limits.

-3

7. ;i_r)gof(x) =

8 Mm, /()=

o0

1

9, }ci—% flx) =

10. lim f(x) =
x—2

—d




Problems 11 - 28, evaluate the limits, if they exist.

11. .. sin 3x

lim
x-0 X

L‘_{;“o S\nx3x][_%?(
ln 3+ Jin (303

lim
x—0

12. . Sinxsecx

;
13. lim e”* (;osx 14. }C‘_{% 1 —3;0535
C g(iS(O) \—COS(%:) —I;T?-
L 3(E) ) =
2 = o

X + sinx
15. lim

x—0

Iu'm + ,HV\ <S"‘X)

16. lim e3*+4

g

- S\rT(Jg) I—-g
1fd ) _ |
"i[_&ﬂfb—] = A(2-V3)

]

. (—\)
‘_i._

X-?o e + 4
>[<'~{>Q (1) * | + He
él _e_
i
cos (B _ & ;% s). U [ 57
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19. }Cl_rg {73XCO—S (27)t;x)’ xx<222 20. 11_)3 {lr;xlnx 20<<xx<<42
X33"  3@P-3) =8 l)k_q\a (23 Inx]
x>a+ -cos(&)=1.5 33.1n 3
2o him £(0 dne q In(3)
ST 1
21. lm 2sin’x +3sinx —2 22, 5x + sin2x
4 2sinx —1 x=0 SH\Q){‘
|'”1‘r/ (s z=1(Sinx+J) ;(tg\o 5><)+ !&E [ ]
X713 Qsin—t) I | .n&]
1r< L ;90(5)4-;&@[ x)
Sm( 3) + fe ] -
G -1
23. 1y 3% c40$x 24. tim, G>_H+5
4 4 L'
o 4+5
9
25 lim 5cosf — 5 26. i (x +3)In(x +5)
-0 o x--3 x2 —9
g\g{\) 5 (co;@@ 1) ¥m3 (3437 lre(x+5)
_ 73 (X2 (x-3)
60 990 S - — _(L_\n 2,
_5__
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27 ; sin36 + 1 — cosf@ 28 lim cos 6 sin 8—sin 6

0-0 62

9—>0

hm S_m_iﬁ +|. cogj ™ Sme(Cose-i)
Qﬁ 9—)() D-0

| coso-1
5 3[3;56) 2|l
I o

D

—

—

Problems 29 - 30, Use the Squeeze Theorem to evaluate the following limits.

29, hmx cos<1> |<(\OW 'f' CO.S Ifl af\d ')(320
-1 = cs(F)<d
~x3< X3 cos (k)= x*
) = im X32=0
(=0 wd i

b Sq)ueeze_ﬂ\eomn [i'm XQCOS(—';O:O
)/ ) X=20

30. 1f0 < f(x) < c for some real number c, prove that  lim x*f(x) = 0
Gwen Oé-C(ﬁ)éC) we know x> O) So
0< x2 . £ £ x2
lim 0=0 and lim CX3=0
X0 X-o

*, by Squeeze Theorem, lim X2 flx) = 0
- y % X220
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Name

Limits and Continuity
Date Period

1. Use the graph of the function y = g(x) shown below, to evaluate each of the following.

A. xl_i)r£13g(x) = 3 B. xEEri_g(x) = 3

C limg)="00 D g-D= 3

B Jim s = dne  |Flime@ =100

G. ,}l{{kg(x) = — {)O H. chi_r)r;g(x) = dﬂe

L emn= 1 K. lim g0 = — 4

2. Use the graph of the function y = f(x) shown below, to evaluate each of the following.

A. On the interval x € (—oo, 00), list the largest intervals
for which f(x) is continuous.

00,75) (-5,73) (-3,2] (3,%)

B. Find the smallest value k, such that the function
is continuous on (k, ) |

k=3 ,Jrhe,mc IS confinuous
oNn A<x<00

C. Find the smallest value k, such that the function AN
is continuous on [k, )

Sunae ks 2 on 00 there is no such smallest  k-valve.

D. Find the largest value of b such that y = f(x) is continuous on (—3, b] but not continuous
in (=3, b + 1]. State all values of b that would work.

b=2,; (-3,2] continvous but (-3,a+1] discortinuou
QUL b-valves: I<b<d
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Problem 3 - 6, determine the points, classify the type for each as removable, non-removable,

jump, or infinite.

3. f(x) =

X=3

=-37
infinite  duscorttinuity
non- removable

(vertical asympiote)

x—4 1( Eﬁ >
x2—9x +20 CX-5)M)
X=4 removable (hole)

x=5 infinite duscontinurty
non-removable

(vertical asymptote)

4, gx) =

lx + 2|
x+2

X=-Q hon-removable
(jump du'sconhnuﬂy)
o>

1>
 —

5. h(x) =

6. x+1 x<2
f(x)={ -1 x=2
x2+1 x>2
X=2 non-removable
(jump discontinuity)

FAF_>
e @)

Problems 7 - 8, use the three-part definition of continuity to determine if the given functions
are continuous at the indicated values of x.

e*cosx , X=>T

extan(%x), x<T atx=m

|

D F(m)= eTrCDS‘II'-“- —e™

Hlim_e> tan@‘)z -cT

lim €% cos x
X5t

2) F(x) = )l(iggrﬂa(ﬂ

—.

S F(x) 15 conhnvous
ot X=Tr

8. g(X)={x45:3 9;1—_33 atx = =3

N g9(-3)=5

2) lim g0)="6
X>73" \
im  alx)="6
x'-rﬁ"9

3 Jim, 90+ 93

5909 s not corhinuous
at x=-3
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Problems 9 - 12, find all value(s) of g, b, c or k that make the function continuous everywhere.

x <3
—11 x>3

qk= 4(3)-I\
Q= |\
K= V9
lim 09 = lim £00
X33~ X723t
when K= Yq. Tthen

hm f(x) = 1 ond £3)=1
X273

9. f(x) = {

cx? x<1
10. g(x) =44 x=1

—x3+kx x>1

C=4 =4k =4
K=5

im g00= lim g (x)
X1~ X[t

when ¢= 4 and K= 9.
_IT\ ||m 900 A and

303-4.

T x<0
11. h(x) = {x*+ax+b 0<x<1
6x+5 xr>1

T=0% +0-a+b
0-TC
| +a+1 = b(1)+5
O+ =
o= 10-m X
o lim hOO=TT  and
X->0
lim h(x)rii When
X=
4= 10=T and b=

x=0

2 x<1
12. f(0) = {sm(bx) x=>1

Sinb =1 X
Sin~'1 =b

b=Ta

T lim £(x)=1 when

X1

b:%. _Thf/(\)
imfo) =1 and H1)=4

X2
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-3 x<-1

13. Consider the function y = f(x) to answer the following. f(x) = {mx +k —-1<x<4
3 x=4

A. What two limits must be equal in order for the function to be continuousatx = —17?
lim FO6)= lim £0x) then  Mx+k= -3
X717 xert —m+k="3

B. What two limits must be equal in order for the function to be continuous at x = 4 ?

lim 09 = lim F( +h mx+k=3
xg\?l‘ > X—‘>H+ 9 o In+k =3

C. Find the values of m and k so that the function is continuous everywhere.

-3 o HNmik=3 —(L)+k="3
ii}mt 7 ok L 15t

x2—x —6 .y
—, x —
14. If y = f(x) is continuous for all x # l, evaluate the following. f(x) = 2x% +3x =2

2
_F(X): Q(-3>(Mj k x=-2
@x-1)(X+38)
A lim f(x)= — 00 B. liml flx)=" (2 C. What is the value of k ?
1% x—

Y em , ==L
iy | (X2 lim @_5. %_3
xs Yot \Ax- X$1 \Ax-| - =k
.0001-3 _ -3.4499 -3
250001 ) 0.0007 NI . = -
= — Q0 k: 1




Infinite Limits and
Limits at Infinity

Name

Date Period

Problem 1 - 4, Find xll_r)r(}o fx) andxl_i)rzlOo f(x), then identify all horizontal or slant asymptotes.

1 fQr) = LEEose 2.f(x) =252 olx
fiy -3 g o=t 7
i - - lim £69="1
x;n-\oojc(} 3 X3~ 4

HAQ y="2 HA.@ y:1 od y="1

3.f(x) =%+‘12x3 4. f(x) =% (:/5._'/5
im  £(x)= +00 | L 10X
X>-Po lim ‘F(%)Z b
lim T == i x?wf _ L
x>0 3,137 3-HL5 lim W= ¢

X4 )T Hhx + Xy~

S;A-@ 3)(34—;2)(

HA.@ Y= T

5:-&x

Problems 5 - 6, sketch a function that satisfies the stated conditions. Include asymptotes.

5. lim f(x) = -2
x—3

i) = e

Jlim, £ =3

im0 = 4o

X -+

lim f(x) = 00

6 m [0 =+ o
jlci_rpz f(x)=3
lim f(x) =-3

X -+

x l_1>r_r§+ f(X) =t

Jlim, £ = =3
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jean
Pencil

jean
Pencil

jean
Pencil


Problems 7 - 10, Identify all vertical asymptotes and find lim, f(x); lim_f(x) and lim f(x),
where a is the x-value of the asymptote.

. X __Xx*tr = _,L_. ) = 2x2% —x —15 o?x+5
7 ) = i % 5 8. f(X)= ——F——1 = X =2
V.A. X=-5 VA X=2
. x It ' L {60
=~ — lim =-00
)19;7\_51%@_ ® - 5001 ) Xg&‘jccx) 1,999 |/~
lim  £(9=00 499 | i $0=2° 2,001 {4 /¢
%>=5% X"«?"% "
i [im () dne
dp g FA dne X>3
o ) = M R e
Lim fFOJ=-0 g lim_f(x)=—00 x_|+09
¥ aal | 03 3499 | +/~
- /
lim £0J=00  TOTIEA Y i £OI=00 300 1
x>t K= 3+
lim &) dne lim £03) dné
X2~ X3

Problems 11 - 12, For the piecewise functions, find the limitasx —» oo, x > —o0,x - 07,
andx - 0%.

2x + 3
, x <0
x-1
1
—, x=20
X
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Problems 13 - 20, Evaluate the following limits without the aid of a calculator.

13 xhl“oo[(gx 1)(3_1)] 14. xlﬂ@(%) |
hm (3x-I ) "f“ — lim .1;1 b}j end-behavior mode |
X0 X~ 00 B 5)(‘9
3 (o-1) 2 X3 .
_ lim FO)= 35
—,‘5—-_ X“?i
15. xlgnw(e'xsinx) 16. 11m In(x? — 9)
lim §‘,M_> =0 [i ‘HKX+5)(X‘3)]
X00 \ €7 X>3+ ™
-4 <« | -ﬁb():—-w X
Sinx -1zxz1 o T
Xow eX-50 —
17. lim_ — (245 18. lim 2
I 5@ (D) | N
lim - =1 x>0~ A T =
x>-1- O 4
- | )
&O.l(_o.l)% —)
. ym e dvide by xR | 20 m
lim _X+3 00+3 by end-behavior mode |
x>0 A+ | V&0 4y
IETE
\ifY\ 'PC)‘):.OD &x
X=>00 - Jim {fx) = O
X=> 00 —
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Problems 21 - 26, Use the graph of y = g(x) atright to find the limits.

21. x_l)ll;ll?,_ glx) = o0

22. lim_ gx)=—00
x - =31

23. lim glx) = dﬂe

20 m o0= 2,

25. xlgrgo glx) = Q0

26. xl_1>r§1+ glx) = 8

Problems 27 - 29, Multiple Choice.

4+e™*
X

C/ 27. Find the limit: lim

x —»—oo 1—e™

@A) 4 B) —4 (D) — oo

=X _
EBM _e@_x =—1

izs. Find the limit: lim (2 __5 )
X -3

(x-3)2

(A) o © 2 (D) -3

imQ - lim =

x»3 x93 (x3p  Jd-%0=-o
‘ 5 29. f(x) decreases without bound as x approaches what value from the right?
6
&= e
A -7 @ © -3 @) 3
i $0) = b G
—~ écreascs
x>Tt (1.01-3) (7-700) ()
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m Intermediate Value havae
Theorem Date Period

Problems 1 - 13, Use the Intermediate Value Theorem to complete.

1. In the function f(x) = x3 — x — 1, it can be shown that f(1) = —1 and f(2) = 5. Complete the
table below to find an approximation for a solution of the interval [1, 2].

X 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0

f | =1 |~0T7047 010 |0.34 |0.& | V5 |dd |30 (395

A Solvtion occurs on 1.3< x<l.4 Such
+hat ’FCX):O, -

2. Find the value of ¢ guaranteed by the Intermediate Value Theorem. f(x) = x? + 4x — 13 on

[0, 4] such that f(c) = 8
1) £Cx) iS continuows over reals B o)< andF( ‘P8

=719, = by IVT,there exists

&B(H(D"))ng))icg) ’ xj:c where £c)=8

o = At C=3 f(3)=8 on
X+-T X3 S

3. Show that g(x) = 2x3 — 5x? — 10x + 5 has a root somewhere in the interval [—1, 2].

1) Polynomial functions are continvous everywhere.

9 g(-1)=8 and g(2)="19
3) By I3, There exiss 4 valve ¢, Such that
4(e)=0 since —19<0<8 on ~I<C<d,

4. Between which of the following two values does the equation 3x3 + 5x — 11 = 0 have a

solution?
A) [-2,-1] (B) [0,1] (A [-1,0]
£(-3)="45 fo)="Il  F(D="19  £(pD=-3
£(-n=-1 £(D="3 FO=-"Il  Ppra)=2a3
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5. Given the function f(x) = 22;:: )

Intermediate Value Theorem, such that f(x) = 0.

(A) One solution betweenx =0andx=1 (B) One solution between x = 1 and
x =2

(C) One solution between x = 1 and (D) One solution between x = 2 and
x = 2 and one solution between x =3

determine which interval(s) satisfies the conditions for the

x = 2andx = 3

£x)is not continuovs at X= 54
)= 35 ()= )5 f@)="1 F()=3

6. Apply the Intermediate Value Theorem, if possible, on [1, 2] so that f(c) = 9 for the function
flx)=x3+x.

D F(x) is continvovs DN reals

) f(H=a;, f=10 |
3% a@k;;} So by VT, there exists a valve

X =C where F£()=9 on [£Xx=£d,

7. Adelivery van travels along a straight road. During the time interval 0 < t < 30 seconds, the
van’s velocity in feet per second is a continuous function. Use the table below to find the
minimum number of times that the van must have been stopped. Justify your answer.

t (sec) 0 5 7 12 18 22 30
V(t) (ft/sec) | —28 | —60 | —15 8 24 —4 10

By IVT, the_van 1s Stopped at ledst 3 times
D on [T12] ~15< V(<58 %y isa
Q) on [ 18,33] ~H<Vv(<dt Continvous
D on [22,30] “H<v(©LIO fonction

8. Explain why the Intermediate Value Theorem does not apply for guaranteeing that a zero exists
for the function f(x) = x? + 2x + 5 over [0, 6].

‘> WCCX) \S Conﬁnu_zus of’\Breals

) £(0)=5 and (&) =53 |

5))316062’ L)>0 Ffor entire interval , No &0 1S
possible on O0£X <4, VT does not apply
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9. The functions fand g are continuous. The function h is given by h(x) = f(g(x)) — x. The table
below gives values of the functions. Explain why there must be a value ¢ for 1 < ¢ < 5 such that

h(c) = —2.
x 1 2 3 2 -
f@® | o 5 » = -
gx) 4 6 —4 1 3 |
D £ and % are continuous, So h(x) will be oontinuaus
on [I,5] too.
2) h(D = £(gQ)-1 Hh(EFaE-5 4 By VT, there
= f(4)-1 :F(3)~5 Lo |2C<5
h(ry =-H h(5)*d where  h(c)=Y
b/c —4<-2<3

10. Given f(x) = xx: on the interval [—2, 2]. Determine if the IVT applies. State why or why not.
Then, find the value of ¢ such that f(c) = z

) F(x) 1S Continvous 03n [, 2]
3) £(-9) = 5 and T@)=d B
3) £(c)= B since F(D< Vs< fCa) by WT

c_ =1 . 0="2 18 vale x=C
5 o3 o £(2) =% B
dc="3 DN — Q< X<,

C= "3

11. Show that there is a value ¢ with 0 < ¢ < 2 such that x? + cosmx = 4. Then, use a graphing
utility to find the approximate value of c.

D) £(x) 18 continuous on reals.
2) £(0)=1 and T(-5
2) £(c)=4 Since by IV,

¥ [t an be shown by graphing that C 2 1.T41.

< 4<5 n 0<XL2
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X2+ x

12. Does the IVT apply to the function h(x) = —
of ¢ guaranteed to exist, such that h(c) = 12.

) h(x) is continvous on A5<X<5

2) h(@.5)=17.5 and h(5)=Io )

3) Since 10<1a< 175, there exists & valve X=C
Such that n(C)=1a on d.5< x<S by IVT.

on the interval [2.5, 5]? If so, find the value

A) Ca-fC__I(Q «#8,Cc=3
- » 0=3 Is valved varanieed
(A +C = I2C~-A4 ’ b}/ IVT where (B)=1a
(¢—-8>(c-3)=0 n Ak 5<X< O,

3—x
13. Does the IVT apply to the function f(x) = — (%) — 3 on the interval [2,5] for f(c) = —4?

1) ‘P(X) |ﬁ5 CDnﬁ()Uoug onN (‘ea]_g_L .

Q) (@) =) £(3)= ~(z) =3
f()=-3.5 £5)="T

3 By IVT —T<~4<=2.5 on 2 525,50
Hiere exists a value, ¢, Such tha £e)="4

£) —(a)>C-3=—4 log , (5)°7 logy, 1
—(Va)37€= ~ 3-¢ =0
(F)* =1 =3

_—

‘ > 14. Let f be a continuous function on the closed interval [-2, 7]. If f(—2) = —3 and
f(7) = 4, then the Intermediate Value Theorem guarantees that

(A) f(0)<0 a Ise (B) -3<f(x) <4forallx []|Se
7,4 between —2 and 7.
(C) f(c) = 1foratleastonec (D) f(c) = 0 foratleastonec
=2 =3) between —2 and 7 Tf' Ve between —3 and 4 i——alse
T3 yvalves
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Lesson |: The Concept of Instantaneous Rate of Change

Topic 1.1: Introducing Calculus: Can Change Occur at an Instant?

EX #1:

Velocity

Consider an object that travels in a straight line. The average velocity over some given time interval

As students of life, and algebra, you have studied many rates of change for different situations: how
fast we drive, how our savings grow over time, the rate that the world population changes, our
growth rate every year, unemployment rates, and so much more. In each of these studies, we can
express one variable in terms of another, that is, as a function, y = f(x).

can be defined as the ratio of the change in position (displacement or net change) to the elapsed
time period:

Average Velocity =

Ad

A position . Ad
- At

5 time

However, when we think of velocity, we usually mean instantaneous velocity, which indicates the
speed and direction of some object at a particular moment, which could be faster or slower than the
average velocity.

Can you explain why we can’t define instantaneous velocity as a ratio?

The time nterval Is Zero, duvision by Zero.

How can you estimate an instantaneous velocity?

By mah'nﬂ The hime interval very small.

Let’s generalize that big idea with this principle:

Average velocity over a very small time interval is very close to instantaneous velocity.

If you climb to the top of the Tower of Pisa and drop a coin to the
ground, estimate the instantaneous velocity at t = 0.7 seconds.
Use Galileo’s formula s(t) = 16t? to compute the average velocity,
in feet/second, over the time intervals listed in the table below.

Time Average
Interval Velocity
[0.7,0.71] 22.56
[0.7,0.705] Jdol. 4§
[0.7,0.7001] | 4. 4016
[0.7,0.70005] | JQ. 4 008§
[0.7,0.700001] | ) 2. 400 | o

What is your estimate for the
Instantaneous Rate of Change
(IROC) att = 0.7 second?

The coin 1S Fallm‘c]
ot a rate of ;
about d3.400 fi/sec §

et &= 07 second.

Photo: Jean Adams




THE STUDY OF RATE OF CHANGE IS FUNDAMENTAL TO THE STUDY OF CALCULUS.

In our first example, we allowed the time interval to shrink to zero, so can say that the average
velocity converges to the instantaneous velocity or that the instantaneous velocity is the limit

of the average velocity.

Graphical Representation of Velocity

Average Speed (AROC) is defined by the total distance
traveled, d, divided by the elapsed time period, t.

Graphically, the average speed is the slope of the
secant line.

Analytically, average speed AROC = %

Sketch the secant line through a and b. Estimate the
average velocity.

_ - H-5_ L
AROC = Mgee = - 3

—_—
—

Instantaneous Speed (IROC) is the speed at a specific
instant in time, where t = t is the limit of the average
rates of change.

Graphically, the instantaneous speed is the slope
of the tangent line at a specific point.

Analytically, we need calculus to determine this
instantaneous speed.

secant line
Wiy
=

Sketch the tangent line through point c. Can you estimate the instantaneous velocity at x = c?

Estimated IRoC at (&4 is obout %—

EX #2: Spin Class Heart Rate and Exercise

Have you ever taken a Spin Class at the gym? Then you know that after the class is over, your rapid
heart rate decreases as time passes. Let H(t) represent your heart rate. Write an expression for
the rate of change of your heart rate over the period from t = 0 seconds to t = 90 seconds, after

you have stopped exercising.

AR _ H(9D- HO) _

At 90-0

H(90)— H(0)

90




EX #3: Roller Coaster

A hypercoaster is a special circuit roller coaster with a height measuring greater than 200 feet. If
a new hypercoaster is under design to have its largest drop on the circuit modeled by the equation
below, where d(t) is measured in feet, and time t, is measured in seconds.

d(t) = 1.87t3 — 20.64t% + 112.79t + 132.56

A. Find the average speed (velocity) of the hypercoaster from 2 seconds to 8 seconds.

AROC= d(8)-d(3) 71,3~ %0.54
8§-a - b
ARDC on A< t<8 seconds is 6341 +t/sec.

B. What is the average speed (velocity) of the hypercoaster from 4 seconds to 6 seconds?

AROC= d(L)-d M) _ HT0,18 - 373,16
b-4 - 2

AROC on Hzt 2 seconds is H8.51 ft/sec

C. Estimate the instantaneous speed (velocity) of the hypercoaster at exactly 5 seconds.

Time Interval Average Velocity —rhe "\S'l'anfan covs

v of the
[5,5.1] AT 3997 'F%CC V;:)?eruc,Zasfer at

h
[5,5.01] 4. TI4 2 10%& t=5 S@CDI\C[S (S

[5,5.001] HG. k474 12%&,

D. Explain the meaning of the instantaneous speed (velocity)in the context of the question at
t = 5 seconds.

doout H6.64T ft/sec.

The rate of chenge in the drop of the hypercoaster
ot 1:=5 Seconds is aboout 4b.bHT feet per secord.

3




EX #4: Airport Departures I !
The traffic pattern of departing flights at Orlando International Airport on a fall afternoon ’
can be modeled by the function V defined by V(t) = 92 — 15sin (é) where V(t) is measured in

vehicles and t is measured in minutes 0 < t < 30.

A. Find V(t) fort = 18. 1 Vit),
V(i) = 43- 15 sin(5) _mt (18,9619
V(@8) = 96.1912 =
- <
dbout 9b vehicles 9 B 1
B. Make a sketch of the graph of time vs. number
of vehicles. Be sure your graph has a scale. ,
T t
C. What is the average rate of change of the vehicles 10 6.\001-5 c
at the departing flights over the time interval 15 <t < 207 mit
Indicate units of measure. 106 39 ig _ qqq ;_, VC‘J’\
AROC= Y(30)-V(15) ,, 838TT-106.2535 S T
20- 15

Average rafe of Chaoe o [15,d0] minuies is decreasinﬂ
at o rate of about A vehicles per minute.

D. Estimate the instantaneous rate of change of vehicles at t = 18 by finding the average rates
fromt =18tot =18.1,t =18tot = 18.01,andt = 18 to t = 18.001.

The (nstarfaneous rate o
o] Change ot t=1g minutes
[18,18.1] —H.%23 —\r%'-n S CCre(lSW\Q 2k a rade
[18,1801]  [—4 303 veh of about 4.3 vehieles

070 | per minvte.

[18,18.001]  |—L4} () %\8%\\

Time Interval Average Velocity

E. Why can’t the instantaneous rate of change of traffic in the departure lane with respect to
time be calculated using the method in part D?

Division by zero would occur:




Lesson 2: Understanding Limits Graphically and Numerically

Topic 1.2: Defining Limits and Using Limit Notation

Limits are the “backbone” of understanding that connect algebra and geometry to the mathematics of
calculus. In basic terms, a limit is just a statement that tells you what height a function INTENDS TO

REACH as you get close to a specific x-value. Recall from Pre-Calculus that you evaluated three types
of limits. Complete the table below:

PROPER LIMIT NOTATIONS

TYPE OF LIMIT PROPER NOTATION VERBALLY:

| e f limit &S X approaches

Right-hand limit X|->”C\* (x) ¢ From the (‘Ight-'-

wit-hand lim |im limt as x approaches

refi-hand fimil X= (" F(x) C from the left...

General limit lim £(x) limit as X approoches
X0 C...

Let’s begin our discussion of limits by analyzing a rational function and examining the graph.

EX #1: Use the equation for f(x) and the graph of the function to analyze completely.

3x2 —8x—3 _ (5X+'>(l73/)

IO~ = "X+

Factor and
Simplify

X+
= <73

Coordinates

[T S -3
— i i

(3, %)

,,,,,,

[ T -

R T S SR O |
e e
[ S FP |

of Hole
Domain |- oo"’5) U ("5, U (3, °0)
o |0, B0 (39
A;/yi:g:’rgl’re X="3
e | Y=




Understanding Limit Notation

Let’s revisit the notation we learned in Pre-Calculus. We
need to convert these old methods of explaining extreme
behaviors into limit notation for use in calculus.

EX #2: Use the graph to complete the table below.

Pre-Calculus Notation vs. Calculus Notation

As x » —oo, the graph of f(x) — j As x - oo, the graph of f(x) - 3
hn f(x) = 3 m £(x)=3
X->=00 X200
As x —» —3 from the right, the graph As x = 3 from the left, the graph
of f(x) > — OO of f(x) =
lim _$00= —e0 im _$00= 5/
X ~3* X3
As x — —3 from the left, the graph of As x — 3 from the right, the graph of
fx)-_00 f(x) =
lim (0= 00 im £0(x)= 2/3
Xﬁ—a- X723

Can you explain what the value of a limit represents in terms of the graph?

The himit is the “y- valve” that the gra lS

approaching from both the leff side and the r‘li
side of the “target valve” of x=c. The lim

can oceur at a “hole a removable
dlsconhr\udy

Informally, a limit is a y-value which a function approaches as x approaches some value.

lim f(x) = L means as x approaches ¢, f (x) approaches the y-value of L.
X—C




Topic 1.3: Estimating Limit Values from Graphs

Consider the function shown at right.

Say you want to find xli_)rér}1+ f(x), the positive sign in the
limit notation indicates a right-hand limit. If you think
of the function as a highway and imagine you are
traveling along the graph of f (x) toward x = 4 FROM
THE RIGHT, NOT TO THE RIGHT, and you stop at the
vertical line x = 4, the y-value where you stop is 3.

Therefore, lim f(x) = 3.
x >4t

EX #3: Use the graph above to evaluate each of the following limits:

A f(2) = — B. f(-1) = H
¢ lm f0= I D. lim f =4
E lim f(0) = -1 Fo lim f00= )
G _lm_f&) = J Ho lim f() = )
L lm ) o). ) lim ()= &
K. lim f(x) d.n. 0. L. lim f(x) = -(;L
M. lim f(x) = "1 N lim @) = =)
Think about this!

If we think of the function as a highway, then the point at (2, —1) could be considered the
end of the road, while the point at (—1, 2) is more like a “pothole.” How would you describe
the points located at

en:_dead end without B barr{cr
ws:_bump in the road

Hopefully, this analogy gives you a visual reference for understanding limits from a graphical
approach. Let’s get a little more formal with our definition now.




EX #4: Limits can fail to exist in three situations:

caser: i ks d,l'lﬂ%r on leﬁ’ and rlgh‘t

! ! : ! y : : ] o . lx+1]
_______ 3‘ Justify why the limit does not existat x = —1 for f(x) = —
------- b e #0921
_______ o g XY

| lim f0="1
4 3 2 A 1 2 3 | -
------- 0l [ XD
------- T L lim FRO# lim £
------- L T e
CASE 2: l‘\ ‘(\ VIO

Justify why the limit does not existatx = 0 for f(x) = sin G)
By Inspechion, look it X=0.1

lim £0) <0 while gb X=—0.1
X20"

\im _ (x)>0
X0

- limit does not exist

behavior

1

Justify why the limit does not existatx = 2 for f(x) =

T im0z lim £0)=00
T A Xt x>~
S im fo=a

TSN X9

o o

Note: by definition,oo 1S not &

CEar | real nomber, s deseribes e
-------------- S S e behavior of (XD




Topic 1.4: Estimating Limit Values from Tables @

EX #5: Now, consider the function f(x) = ﬁ . Complete the table below to find the limit
asx — 3.
x 2.9 2.99 2.999 3 3.001 3.01 31

0 | 0.1265(0.1351 |0.1350 |undefned| 0.1349 | 0.1248 |0.1234

Based on your analysis, what are the values of each of the limits below?

Jim f=0.1d5 | lim f@= 0,135 lim f@ = 0.135

By evaluating certain types of functions at a particular value, we may not necessarily have a sufficient
understanding of the function’s behavior at a specific point. This is especially true for rational
functions that contain discontinuities.

This is why the idea of a limit is so important!
Rather than just going directly to some x-value using
direct substitution , we can approach a point from
either side to get some sense of behavior in the
neighborhood.

Look at the photo of the arch support construction for
the Hoover Dam Bypass Bridge (2009). We can tell
where the missing section is going to be. The actual
height at that point would be the limit. With limits, we
can discuss behavior at a point whether the point exists
or not. With limits, we are looking at the y-value the
graph approaches, not the actual y-value at that point. This Photo by Unknown Author is licensed under CC BY-SA

When finding limits, ask yourself, “What is happening to y as x gets close to a certain number?”
You are finding the y-value for which the function is approaching as x approaches c.

LIMIT EXISTENCE THEOREM:

lim f(x) existsifand only if lim f(x) = lim f(x) =1L
xX—c— x-ct

X—C

where L is a real number.

Verbally: The limit as x approaches c on f(x) will exist if and only if the limit as x approaches c
from the left is equal to the limit as x approaches c from the right.



https://www.flickr.com/photos/squeaks2569/3700355684
https://creativecommons.org/licenses/by-sa/3.0/

EX #6: YOU OWNIT! In the box below, complete the sentence in your own words.

In order for the GENERAL LIMIT to exist, the function:

limt must approacn the Same y-value fromthe,
left-hand  side and the right - hand side.

However, the function value may or may not

be defined here.

EX #7: Sketch a graph to satisfy each set of conditions.

1. f(a) is undefined 1. lim f(x) DNE
xX—-a

2. x = ais a point discontinuity

3. xll_r>naf(x) exists 3. f(a) is defined

AFOO 00

2. x = ais ajump discontinuity

N Kad
N+~

ANsyers may vary.

10




Lesson 3: Properties of Limits

Topic 1.5: Determining Limits Using Algebraic Properties of Limits

There will be times when you need to consider limits of functions symbolically, such as, f(x), g(x),
and h(x) . When you are given combinations, compositions, and other modifications of these
nonspecific functions, there are some important properties of limits that will prove essential to these
general function types.

LIMIT PROPERTIES

Let b and c be real numbers, let n be a positive integer, and let fand g be functions
where chl_r)rg f(x) and }CILI(I,‘ g(x) both exists, then

1. Constant Rule: 2. Identity Rule:
limk =k limx =c¢
LIy x—c
3. Coefficient Rule: 4. Sum or Difference Rule:
lim[b- f(x)] = b - lim f(x) lim[f(x) + g(x)] = lim f(x) + lim g(x)
xX—C xX—C X—C X—>C xX—C
5. Product Rule: 6. Quotient Rule:
lim[f(x) - g(x)] = lim f(x) - lim g(x) f(x) lim £ (x)
x—c x—c x—-c lim = X=¢ ;limg(x) #0
x->c|g(x)| limg(x) "x-c
X—C
7. Power Rule: 8. Composite Function Rule:
n . .
lim [f()]" = (}cifé f(x)) ,nisrational | limf(g()=f (chlgrg g(x))

9. Root Rule:

lim §/f(x) = "[lim f(x) ifthe root on the right side exists.
X —C X—C

Being skilled at reciting these rules in English will help you truly understand them. For example,
The Sum or Difference Rule can be stated as “The limit of a sum (difference) is the sum (difference)
of the limits. Can you give a description for each property in your own words?

11




EX#1: Use the properties of limits to find each of the following limits. If a limit does not exist,

state why.

A. lim L[ () + g(x0)]

]”v\ -F(x) + ||m 3()<)
X733+

(o+8

—

—_——
—_—

Graph of f(x)

B. lim [3f(x) — 29 (x)]

3lim £00 - L lim g0x)
3( —dH = —L

C. lim_[f(x) = g(x)]

im £60 — hm _969
X=2-87

3 -4 =L
D. lim %("))
9, x|l>/Y~\7 'p()()_ 3(5) ) 5
l'm B > p—
xrg JOX)
E. lim 4[f () - ()] F. lim [f(x)]*
' W)
L.} !(,g; 1(-3()() |)’(g\3 3&) lim f‘(%)} - ( (o) = 5

3 is not con‘rmuous—?'DNE

X-"3

G. 11m V8 g(x)

[\(m ggcx)}/‘;‘_f(—é_ g\[-o

H. lim [f(x) + g(x)]

lim_£6) +lim 909
X->~3 X>-3

g\ not corrnnuous—?_b_y\/_E

fx
] chl—>6 g(x)

lim £x)
yavi _
g

GO

=0
lim -
X>b

K. lim f(g(x))

e, 30)-409- ¢




EX #2: Find the limits if lim f(x) = 3,limg(x) = —2,and lim h(x) = 4
X—C X—C X—C

A. llm\/3h(x)—2g(x) B. lim [f(x)-5g(x)]
||m [5 h(x) - Qg(;()] Jim - 5 lim 900
[3 ym hG9- 2 lin 900] 5(5)(-2)
[ —-30
[3(4) 2¢-2)) " —
Vie = 4
¢ il -9 @r 2 D. lim S50
[L‘(’i‘c T~ J("Q"C ﬂlx):l J lin £+ 3 h'm h (%)
N}
[7 - (;9>] lim (<) - ;(.g\c 3 ()
9 A+ 3CH _ 18 _ 3
8l 4 - (-3) e =
E. lim[h(x) - (f(x) +6)] i 4f(x)(2)
- m £6d + lim 6 e 2
B'—Te v tim 63+ lim m 7
@) [ 3+¢] im 4 - tim 90 A=
X>C X=2<
4 (9) _9_3
db L

EX #3: Given lim f(x) = 8 and lim g(x) = —4, then find the following:
X —C X—C

lim {2£(0) - g0 = YF +2 (g0}
= lim £69 - lim 409 - [hm {0 /3+ g[lam (x)]

X=>¢ X3¢ X>C
= (8- - Y5 + Ay
= 64 — d+ 3d

= —H
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EX #4: Find the limits of the following composition functions.

A. Given f(x) = x3 —x? + 4x — 1 and
g(x) = —2x, find lim f(g(x))

£(lim 965) = F(-3(a))

X2
£(-4) = 4= (AP + HEHD-)
.P(_q): —b4-16-16-I
£ =91

B. Given f(x) =x3—x?+4x—1 and
g(x) = —2x, find lim g(f(x))

(I\m @Cx\

g (3% 3%+ 4(@)-D
9 (n)
g(n): —-J(1)
gav= -

EX #5: Use the graphs of f(x) and g(x) below to find the limits.

lim f(g(x)) B. 11m g(f(x))
[, 307 3k, #e= g0 L
= £0) j(x) =Qx +5
= g(-0) =~ 1345= T
C. Qlci_r)r%f(g(x)) |fY\ g(x dﬂ& D. 11m g(f(x))
lim £00=-0 x| q[ lim £]
Xl(;\"l’r ;(::Jf %_7131“ X273
lim (=6 §(- =T
B i S =6 —

X1
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Lesson U: Limits of Composite Functions

Topic 1.7: Selecting Procedures for Determining Limits
Topic 1.9: Connecting Multiple Representations of Limits

The limit of a composition is the composition of the limits, provided the outside function is continuous
at the limit of the inside function. We often see this IF-THEN STATEMENT presented as follows:

f and g are functions such that lim g(x) = L and limL f(x)=f(L) then
X —C X =
lim £(g(x)) = f (lim g(x)) = £ (L)
X —C X —C
or stated as,
lim f(g(x)) = f (lim g(x)) provided )lclmc g(x) =L and f(x) is continuous at x = L
X —C X —>C -
We should notice this [F-THEN statement requires certain conditions to be met. Problems occur
when f(x) is not continuous at x = L or the existence of the limit of g(x) at x = a. Atissues of this
sort, we can’t apply the property. You might assume that the limit doesn’t exist, but this may or may
not be true. So, we will explore some alternative plan to find another approach.

In this case, let’s apply the “if and only if” definition of a limit:

lim f(x) =L = lim f(x) then lim f(x)=1L
X —C X —>C X —C

EX#1:  lim f(f(x))

Let u= ||/V\ £(X) = =5 from ‘above”

Ai_gl&f (u) =" = lim FECN=H
X

EX #2: limf(f(x))
Let u = lim £6)=3 from aboves below

X720

' - m (W)=
&;{g_?(u)—ﬁ and 1'4|-1>Y\5+ wi=|

IF| >l<i_/>Y\D £ (f(x) d-ne

15




EX#3: lim 1 f(F ()

Let u= him £060)=-3" from above
X1

}jﬁm_afﬂu)z ) M )\(l_,;r; £ (W) = 2

—
—_—

EX #4: lim h(g(x))

let u= |'M _9(x)=3" and U= hm L300 =

lelow below
Ul[i_> m h(u)=H g
Same
lim h(w=4 L';na h (90N = ‘-l
U>1" -

EX #5: lim g(h(x))

Let wus lim h(X)-‘—““+ above
X2~

hm g (u) =~
u>—4% - gCh(x» B
X? I

16




EX #6: lim_ flg()

leb u=lim §()= ~4* aboe
X>~3
Im fw=-1
u>-4+
s lim £(gOxn="1
X->"3

EX #7: J}i{)nzf(g(x))
u= lim a(x)= 4" below
Let u= lim 900 = 4

im f(u) =3
U>4-

S dim £(900) =3
X2

e

EX#8: lim f(8 —x?)
x -2t

Let u= g~-x2
as x->a% u~>4
from below

lim L(w=3

CI}S”)
U4~

- hm F(X—X‘aﬁ )
X>at

EX #9: im 92+ f(x))

Let u=lim  Q+ im0

x> Ht x>yt
A+ -n-=1
I ) =4Q
AELC
= lim A++(x) =
xl>-4+9( =2

—————
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Lesson 5: Finding Limits by Analytic Methods

Topic 1.6: Determining Limits Using Algebraic Manipulation

If you only observe the graph of a function, it can be misleading when finding the limit of a function.
In this lesson we will explore how to find limits using algebraic techniques and limit theorems.

You will learn to analyze limits by the following methods:

Direct substitution.

Basic Limit Theorems

=W b

5. Special trig limits of lim "X — 1or
x—0 X

6. L'Hospital's Rule (presented in Unit 3)

lim
x—0

Methods to Analyze Limits:

Factor, cancellation technique. Then go back to step 1.
The conjugate method, rationalize the numerator. Then, go back to step 2.

1-cosx __
x

=0

Substitution Theorem

If f is a polynomial function or rational function, then lim f(x) = f(c) provided that if
X—C

f is arational function the value of the denominator does not equal 0.

NOTE: Always try DIRECT SUBSTITUTION first. If you get % or % the goal will be to simplify the

expression using algebraic techniques and then try substitution again.

EX #1: Find each of the following limits analytically using direct substitution.

A. 1lim(3x% — 5x + 4) B X3+ 1
3@P-56)+4 = 6 2l 4. 3
C. H“;—;“ e L D. limVx+4
= > —
3e 3e gy =8 =2
E. lim sin26 F.

9—>g

3in Q(J@I) = Sin (J;——)

i3
2

lim logs(x + 4)
X—5

log3(51H)=l0gs T = L

18




Topic 1.10: Exploring Types of Discontinvities

What is the process for finding discontinuities of a rational function from Pre-calculus?

1) Foctor numerator and  denominator; Simplity

2)A pont disconTinuity ocCcurs when factors
are removed (cancél) when (x-a)=0.

3) A non-removable discontinuity occurs 1t
factors dont cancel in the denominator,
when (X—a) =0

You can perform the same algebraic analysis to find the limit of the removable, or point discontinuities

and the non-removable, or infinite discontinuities using what we will call the Factoring Method or
Cancellation Technique.

: ' X+
_ x2+x—-6 lim (X+3)M = lim Tl
o —exts  X¥d (x—4)(x>2) x>2  X%-4

Topic 1.9: Connecting Multiple Representations of Limits

Graphically looking at the function, we see that just because it is undefined at a specific x-value doesn’t

mean that we can’t find the limit. Remember the Hoover Dam construction example. Use the graph of
the function to determine the value of each limit below.

— /’\
| x2+x—6_ _5__
xl—>2x2—6x+8_ ol
xX’+x—6 QO

im =
x4+t x2 —6x + 8

x> +x—6 — 00
lim —— =
x—>4- x2 —6x + 8

Algebraically Finding Limits of Functions at Undefined Values

Consider what happens when you try to evaluate this limit using direct substitution.

direct substitution legds to -Q-. [lndeferm'naij
o form
19




REMEMBER: When you get indeterminate form of % or % your goal is to algebraically manipulate the

expression in an effort to remove the point(s) of discontinuity. Then, try direct substitution again.

Let’s explore a few techniques.

Finding One-Sided Limits

Recall, in our example there is a vertical asymptote at x = 4.
How can we determine the behavior of a function at this value of x?

X3
X4+ X4

As x - 4%, pick a value to the right of 4,
then analyze the simplified function:

lim X’ +x—6
1 ————————————————
x— 4+ x2—6x+8

4N+ _ 11 @
(4n-# o1 (D

As x>HT, Y=o

xl—i>r£}1+ f(X) - m

2ix-6_|jp XFD
xl—lgtl XZ—6x+8 - -
>4~ X-4

As x —» 47, pick a value to the left of 4,
then analyze the simplified function:

(391> _ 9 B
o -o.l (D

(a4
As x=H7, y=—%®

lim f(0 =00

EX #2: Finding limits analytically of piecewise functions. Show your algebraic steps.

x3+1, x>1

A. ;lcl-rﬁg(x) given, g(x) = {x +1, x<1

i G0 =(1Y +1 =
x>\t
lin q(x) ()41 =9
X\~ |
o, 909 = . 900
lim a(x)
o J

==

. ) X2 —4x+7 x<2
B. limh , h = P
PAk) (%) given, h(x) {—xz +4x—1, x> 2

lim hé) = Q2_H@)+T=3

X2~
im h(G)="@Y+4@®-1=3
X+t

lim h()() = lim \(\(X)
X532~ X7t

im h(x) =3

X>2 _

20




Topic 1.7: Selecting Procedures for Determining Limits

EX #3: The Factoring or Cancellation Technique

2x%47 x -4

R i (Ax=D)0)
Q-2+ 104 )
] (“(ﬂa-(-q)—ao O (x5
0 - aCH-1 "3 - ¢
o -5 -4 =
B lim 27 him O3 (043x+9)
B_ 97 73 =D (x+)
3343~ Z(3Y+33¢ 1 = A7
o 3+4 1
0

EX #4: The LCM/LCM Method for Complex Fractions

diwrect substrivie

o x titut ;1 G
A. chl_r)r(l)m ?éfﬁCZ/ﬁUbs e 5 chilr(l) mx‘7 1S O/O
LCM - 4 (x-H) LCM: 2(2+20
: - . —L1{ 2@
70— H(x LD} lim| 25— 3 ]
X\“7O [J‘-T + %—:-q]\i‘q (X‘LI') X-20 [ih.x-)c 3(3:"76}
hm _Ax (=) lim &2+
X~>0 ($7“H+‘+ X¥o 3X(&+7C)
L1 ﬂ (x=% [ —|
X-~>0 I
X0 9;(&+x)
H(O0-%) = —lb — _ =L
- J@+0) 4

21




EX #5: The Rationalization Technique or Conjugate Method

The technique of rationalization can be used to find the limit when there is a radical in the
numerator or denominator.

\/x+2 -1

A. The graph of g(x) = is shown at right. y o (

E/m—1 \:JX&—Q "'I]
x+ 1 x1a +I .
\im G431 | R
X ()L-\—Pf(\lxm D L TS T IS N N

lim _ L _ | slim =4
xalM—H V=112 13 )@‘l3 J

B. lim( X5 (§+m
+v X+H —
iy (x=3)(3+ Vx+H) _ [im M(&Nx%)

X5 Ci"(X‘\'Ll) - X755 657%’)

= lim CIYa+{xm) = —1(3+79) = —&
X5

EX #6: Find each of the following limits analytically. Show your algebraic steps.

A. 11m(5x+1)3 B. .,x+ - 2)(y X4 {—&
M AV 42

(\/5(3)4" “mf(M\ |
X X*3  (x=&(Vx+1+2)
(Y32 ) '

(3?/5:)2 V3 +2 ::Lf
4% o

22




22x +6]  rewrde as o 4ax—12 o—
¢ Imaa plecewise | P oy +—
AA2 () 1 x>-3 lim  4(x=3) o
L4 (%£3) X2 ((x=-3)* :
_i)zc?@(/@ if X< 3 XQ _q lin A (x-3) _ 4

—_— 4 _ _r
214 (2A3) “xle\q\?: "2 X3¢ | x-3| T —
E f%+ﬁ}gx(x+5) Foojin (x+h>2—3<x+h>—(x — 3x)
xl_r}})L x L_X(X"’a) h>0

ey i e
%70 )& (Xt 3) h>o
Iim Ax+3 _ 3 Lim K(Qx+h-3)
X0 ya(x+3) - 0 h-o /K
..hm £ d.ne. 'h'”‘( x+h-3) = JQx-3

Topic 1.8: Determining Limits Using the Squeeze Theorem

The Squeeze Theorem is a technique used to confirm the limit of a function by comparison with two
other functions whose limits are known or easily computed. Consider some function f(x) is “trapped
between two functions” on an interval containing point c. Letf, g, and h be functions defined on the
interval except possibly at c itself. Then for x # ¢, in the interval f(x) < g(x) < h(x) and, also that

lim f(x) = limh(x) =L . Then limg(x) =L
X—C X—C X—C

EX #7: The Squeeze Theorem h(x)
A If1<f(x) <x*+2x+2,find lim f(x) (")
| N 8(x
lim 1=14 | (xa+&x-ta)=1 - |
x>~ X+ : 1
since im 1 = limn (’xQ+Q.X+J)
x> X771

Then, by the Sgueeze Theorem

lim £0)=1.
X |

Cc

Photo: Public Domain
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B. Suppose f(x) and g(x) are boundaries of H(x), as shown on the graph below.
Given f(x) =Inx + x? and g(x) = e*~1, for all x in the interval containing x = 1,
except possibly at x =1 itself, find |jm H(x) - Justify.

x—1

Notice the lmit at x=1 on

f0x) and g are both 1

bt F(x) and g(x¥) change @z 7/
ot x=1. - y= 0| /]‘(x1)=1nxj-x2
) lin £09=13 lim 900

9) For A<ly FEOSROZIN g
Since lim #R)=4=lim 9 "~ init

~”\el\) im H=1
X2

3) For x>l 90< H(X =F(x)
Sine lim g@)=1= lim {0 * T ‘ﬁ“f‘h“'d

it
X>\+ X7\t
- - q00=ty
Then, ;\_‘)Y‘\+H(X> 1
4y o lim H) = lim HOd= 1, by
Xz~ ped

+he  Squeer Theorem 12-9"1 Hoo=1.
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Lesson 6: Limits of Transcendental Functions

If you research the definition of a transcendental function you will find this explanation on

Wolfram’s Math World:

A function which is not an algebraic function. In other words, a function which "transcends," i.e.,

cannot be expressed in terms of, algebra. Examples of transcendental functions include
the exponential function, the trigonometric functions, and the inverse functions of both.

Topic 1.9: Connecting Multiple Representations of Limits

Analyzing Limits of Exponential Functions

EX #1: Recall that exponential equations are written in the form y = ab®M + k. You will need to

find limits of exponential functions without the aid of a graph or calculator in this course.

Do you remember the rules for transformations of exponential functions? Evaluate the limits

using the graphs and look for patterns.

Exponential Growth

Exponential Decay

x—1
A f(x) = (;) -3

im0 =3

1 x—2
D. f(X) = (E) -3

lim f(x) =0 lim f(0) = =3
Increasing decreasing
x+3 -
B. f(x)=—e*"142 0 E. f(x)=- (%) +2

Jim 6o = oL

lim fG)=—00 | T \
x—00 o 1 L 1

decreas(nq |

Jim f(x) = —©0

lim £() = oL

INCreast g

2 -X
C. f(X):<§> +1

Jim foo =1

0= 00
m(‘feasinq i .

F f(x)=27*-2

Jim £ = 90

lim f() = ol

dearea,smq
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EX #2: WHAT JUST HAPPENED? Did you see that? Basically, the end-behavior of any exponential
function tends toward three places.

CASE #1:
— OO

CASE #2:

Co

CASE #3:

y=b

In PreCalculus, we learned the following rules without considering the behavior for negative a-values.

y=ab®* M +k

a>0and b>1

a>0and 0<b<1

f isincreasing
b is exponential growth factor

f is decreasing
b is exponential decay factor

Growth and decay are not synonymous with increasing and decreasing.

Consider the behavior of the function in relation to the horizontal asymptote. Notice whether the

function is moving away from or toward the horizontal asymptote.

Also, what effect does the negative coefficient on x do to the function behavior?

EX #3: Now, use the equations from example #1 to complete the table below:

Graph of f(x) Base Ir];c;“:lis:szr Jim f (x) lim f (x)
GROWTH b>1
fx) = @ o 3 —g— Increase - j Do
— x—1 2 a= B \ —
e € | decrease 7
- 2\
fo=(3) +1 (—) = :7,3- Increse 1 00
DECAY 0<b<1
x—2 __\_
fx) = G) -3 2 decrease 0 =3
1 x+3 §| az “‘ _
fo=-(3) +2 e ncrease o 2
i “_ | —
fw=zr-2 ) = o | decremse| oL
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EX #4: You got this! Find the limits of each of the following exponential functions.

A Jlim —(03)"+2 = ~ SO B. lim e -3 = OO
b<| decy B =<| decay 3{;
G<O reflects . decreasiag - -7

INCreasing

= b i -(3)+1 = 7
5" deco, o 1y outy
a<0 re{'leds 3 >3

InLreasing a<b decreas\ryg
E. }Cl_rg(ex 3-1) = ‘ - F. xl_i)rPS (%)_x_l +5] = %
€ —_
e>\ (_ 2
growth ‘ L ) ,+5 :
subshtuton 54 Substitution

Anadlyzing Limits of Trigonometric Functions

Most of the work you have done with limits to this point have dealt with polynomial or rational
functions. When confronted with trigonometric functions, you will find throughout the course, that
there are several methods to use. Let’s begin with the basics in this section.

Topic 1.7: Selecting Procedures for Determining Limits

EX#5: Use direct substitution to find each limit.

A im 28 20 B. hm 3sin’ 6

6—%

cos @Y -4 -3 3(5'”9)
T - o 2(1) =3
3 > -

Just like some polynomial functions where a function value is not defined, yet a limit will exist...the

same will occur with trigonometric functions.

sinf — 1
EX #6: Evaluate the limit by direct substitution. lim osZg
gL cos
2

IHY‘ [sme J O and h(V\ (@33@20
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A few thoughts to consider:

If you algebraically determine that a function is
undefined at a value, does that mean the limit does not
exist? Can you look at the graph? How do you analyze
the limit when no calculator or graph is permitted?
We need to use some trig identities and rewrite the

—-(S

function. Try that here:

snx—1 _

k10

_|)

- sindx  (ITsinx)(1=s+Tx)

£(x)= =

l+sIN X

Topic 1.6: Determining Limits Using Algebraic Manipulation

EX #7: You Got This! Use your new skills to evaluate each limit below by first rewriting the function

and using identities.

A. lirpI 2cos @ cotd

0-=

2

' Q0§ 6

g{;\%& Cosd Sin 6

- Alcos B)°
SinT/a

sin @ cos @

B. lim
g% tan@
4

SINO cos b
SINO

Cosb
Wi 2
Y (cos?e)

:(y@)"* =+

Lim
B->T4

C. .. sSinfBcscO
0-m 360

HAVE YOU DISCOVERED A PATTERN IN ALL OF THIS YET? If you ALWAYS try direct substitution

first, three things will occur!

number
valve

number ¥
)

9
O

"3

factor, cancel, rationahze, analyze

* Indeterminate form

0.
0>

oo

Inspect one-Sided h'mit} dre,
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Later in the course you will learn a smooth technique known as L'Hospital’s Rule. It will be a quicker
method for evaluating many functions. For now, you might like to memorize these special rules, as

well.

sin @

m e =

SPECIAL TRIGONOMETRIC LIMITS

y 1—-cosf
60 6

EX #8: Use a graphing calculator and the table feature to evaluate the following trigonometric limits.

sin 20 ol -0.1 —0.01 0 0.01 0.1
A. =
,99¢ | 11999 | dne [1999 |).948
0330 — 1 O —0.1 -0.01 0 0.01 0.1
B. lim =
e 0446 | 0.044 | dne [O.044 [0.446
sin 30 _i —0.1 —0.01 0 0.01 0.1
C. lim -
s 0738 [0.749 | dne |o749 |0.738
o (191_% 1— 22530 — O —0.1 —0.01 0 0.01 0.1
—0.233 [F0.032 | dne  |0.03a | 0.223
EX#9: Some algebraic tricks with properties.
A i 3sin 56 B. i 1— cos6 + sin36
-0 20 6-0 QO
hon |3 sin 5@1[_3_:\ Im ( I~es0\  lim (SmSl—) 3)
650 26 1 60" g + gv0
[im ( XZM 3 O+ Im 3 %j
6~0 9-0 36
15 _
5 O+3
— =3

v
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Topic 1.8: Determining Limits Using the Squeeze Theorem

EX #10: Evaluate the limit using the squeeze theorem.

1
lim [(xz) sin <—>l
x—0 X

A. Explain why you cannot use the Product Limit Law.
hm yd. Jim Sin (—;-) cant
X0 X0 | I
be vsed because )I('QQ 5”\(;«)

does not exist

B. Consider the range of the sine function —1 < sinx < 1. We can conclude that

—1 <sin (1) < 1. Multiply through by x? to use the Squeeze Theorem.

s sn(H)L |
— A< x¥sin(x) £ \
m X3= im (-x%)=0
Jim x2=0 and Jin
Since lim x2 = lim (—x7) then by the Squeeze
X—20 x>0

Theorem I [ x2 s (%)) =0.

EX #11: Find the limit. J161_1)13 [(xz) cos <xi2>l
Know.
1< cos ()1 —1{ <« cosO<]
< a3 cos () E X
im (-x3) = [im x3-cos(5a) < im (X*)
X0 T X0 X X=>0
0% lim x* cos() < O
X>0

) J Sq)ueeze Theorem jgg)) [XQ- (oS (3'('2)} =0
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Lesson 7: Limits and Continuity

Now that we have an understanding of limits and using limit notation, we can use limits to define

continuity at a point. This will be a very important concept throughout our course.

Topic 1.11: Defining Continvity at a Point

EX #1: A Discovery Exploration.

Use the graph below to complete the table. You should look for three conditions that are
necessary to satisfy the definition of continuity. That is, what three conditions must exist
in order for f(x) to be continuous at a point x = ¢ ?

Definition of Continuity

(&) 15 defined

)l(i m, 0 exists

: In £ = )
o [ LT ] | 0
forgivenxvalue | lm FG) | Im P | ImFe) | atx=c?
endpoint 3.5 3.5 dne dne onc\}-es Snded
x=4 d ne adn e 00 dnc o
x =3 9 q dne dne 0
= ’ b b | yes
T b 0 5 5 nd
T & s ] ane no

Analyze this table and write the three conditions for continuity above.
Memorize the rules!
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While limits told us where a function intended to go.

Continuity guarantees that the function actually made it there.

Classifying Discontinuities

Topic 1.10: Exploring Types of Discontinuities

- 1
Removable or Point ML
(Holes) Infinite

Jump . .
-gi imi i At least one of the 1-sided limits
2-sided limit exists 1-sided limits exists L
doesn’t exist

y Ty

EX #2: Find the points (intervals) at which the function is continuous, and the points at which
the function is discontinuous on the interval -5 < x < 10.

confinvous:
(‘5)‘5) (" 5)3)(515)(5)1] (7) 'O>
discontinuities
=-3 r‘emoVable, hole

x= 3 verhal asymptote
non - removable

X=5 point discontinuity
X=T Jump , hon-removable,
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Definition of Continuity - More Facts and Theorems

One-Sided Continuity

A function f(x) is called

Q

Q

Left-continuous at x = cif lim f(x) = f(c)
X—C

Right-continuous atx = cif lim _f(x) = f(c)
X—C

Continuity at a Point

Suppose f(x) is defined on an open interval containing x = c.
Then f is continuous at x = ¢ if

lim f (x) = f(¢)

Continuity on an Open Interval

A function is continuous on an open interval
(a, b) ifitis continuous at each point in the

Continuity on a Closed Interval

A function is continuous on a closed interval
[a, b ] if it is continuous on the open interval

interval. (a, b) and the function is continuous from the

right at a and continuous from the left at b.

0O 000000

Continuity Laws of Some Basic Functions

Polynomial functions P(x) are continuous over reals

Rational Functions P(x)/Q(x) is continuous on its domain such that Q(c) # 0.

y = x*/™ is continuous on all reals if n is odd and continuous on [0, o) if n is even.
y = sinx and y = cos x are continuous over reals

y = b* is continuous for b > 0,b # 1

y = logy x is continuous forx > 0,b > 0,b # 1

Inverse functions - if f(x) is continuous on an interval with range R and f~1(x) exists,
then f~1(x) is continuous on domain R.

oW N

Properties of Continuity

Given functions fand g continuous at x = ¢, then the following functions are also
continuous at x = c.
Scalar multiple: b - f

Sum or difference: f + g
Product: f - g
Quotient: g; if glc)#0

Compositions: If g is continuous at c and f is continuous at g (¢ ), then the composite
function is continuous atc¢, (f o g)(x) = f(g(x))
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EX #3: Forc = —-3,c=3,and c = 7, find f(c), ;}LIP— f(x), ?}231 f(x), and lxl_lg f(x). Justify

your findings using the three-part definition of continuity.
C=-3: hm JC(X):’I: lim F(x)
— X¥73 X->-3+
£(-3)=2 e e
@)(:“3)“3 is not coninuous |- e 2t NG/
ble im£)FFED  [TEE
x93
=3 | - " 'P(X
=31 Jm (0= 00= liny )
£(3) undefined | |
@x=3,+is not continuous bl %YC\ 0+ 1(3)
c=T: lim £09=3 lin 'F(X):b)‘F(“[):ﬁ
= X217 X>7+
@ x=1,4 is not continuovs bjc )|(1_>m7 {09+ £(7)

Topic 1.12: Confirming Continuity over an Interval

You must be able to confirm continuity without a graph or a calculator by using your knowledge of
function behavior for parent functions and their transformations.

EX #4: Find the values of x where the function is discontinuous. Describe the type, infinite or
removable. Justify your answer by using the definition of continuity.

A. f(x)=% B. g(x)z%e(aﬁ‘?zﬁ?@)
g+ 0= im, g09="1
m (0 =00 g =—| remouble

i lim §¢x) dliseontinuity
X>3t i XS+ ooy O X3
£(3) undefine . 9-a) undeftine

£ s not corfinuous nole (=3,~1D A
X=3 is vertical asympote | im apd)= g<2) Nol

Infini te dl'semhynyziu')iy X0 JoO= y ) CorTNUO
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Topic 1.13: Removing Discontinvuities

EX #5: Use the definition of continuity to find the value of k so that the function is continuous
for all real numbers.

A. g(x)={k§x_2'6‘ xxs>22 B. h(x)={5|%::l’ v <4
)Lg?z 3=k lim _ h(X)=-1
!(l_l;s"_ﬂ()() =dk-6 1:7: h(x)= Sk-1b
- ur

[im 30() ’*H’_cfk b "‘;\ hd: Sk-lo=—1
X33 k= X->4 k=3
o U "'tha"d 3(’; “ | lig, nO)=1 ond h0d is
k Contuous i * () =1 conﬁ/\uous ot x=H If

==3,4(3)= lim == ) B -

) §(2)= 1M §E=719 | =35 h(d)= i h() =~

—2x—=5; x< =2
EX #6: Given h(x) = 3 ; x= —2 forwhatvalues of xis h(x) not continuous? Justify.
x3—6x+3; x> =2

' , Graph:
Eoch “piece” is ConTiAvous, Cf’Lg/\

Polynomials are Continuous (e |5
every where. + -
lnveshigate behovior ot X="2 \ 1-3
Jushidy: ) hCa=3 im K="
' ne X2~
) ng_\ h(% -5
3) !2”1;1 h)=+ h(-3) X2

Conclusion: h(x) js not continuovsS at X=—2
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EX #7: Use the three-part definition of continuity to create a system of equations. Then, find
the values of a and b so that f(x) is continuous for all real numbers.

2ax — b ;
fx) = 6 ; x=-1 =7 a +b=0

ax®+b; x> —1

) a+b=6 ) atb=t | lim f)=4| L a="IY

—da-b= 6 =la+b=6 Y=>"I~ b= |9
e b=19 hm £0O=6
= 1 x>

d=1a £ =b

You know that the function value and the limit value can exist independently of each other. Let’s
summarize the big ideas of continuity on intervals, at points, and one-sided limits.

2x+1, x <3

X% x> 3 find each of the following.

EX #8: Given g(x) = {

A. lim g(x) B. lim g(x) C g3

x—3" x—3t

&(iﬂ)&; T | g, 9=1 4e3)=49

X >3~
D. chl_r)ral, g(x) F. Is g(x) continuous at x = 3? Justify.

lim 409 does not exist | 909 is not continuous
X3 b/c In'rn_ j(x):,* h'm , 9%

lin 909 + g(s)

X>3

Summary:

If a function is continuous at a point, then the function value
and the limit value are the same at that point!
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Lesson 8: Infinite Limits and Limits at Infinity

In our first lesson on Understanding Limits you were confronted with these two situations. Here we
begin to compare and contrast the behavior of functions as they approach infinity, as well as,

functions that tend toward infinity in certain circumstances. Let’s go...

Topic 1.14: Connecting Infinite Limits and Vertical Asymptotes

Topic 1.15: Connecting Limits at Infinity and Horizontal Asymptotes

EX #1: Use the graphs of f(x) and g(x) shown below to compare and contrast behaviors
involving infinity. Then, write your discovery and definition.

—2x% — 2x + 12
lim f(x) = %9 lim g(x) = — OO

x) =
f () x2 — 6x + X4~ x—1"

Jnf@==00 | Jing@=0Q

Your Discove

A verfical asym fote  oacurs

£ one-sided limits are
unbounded.

As x—»c, the im will approach
An Infinite Limit is: 8!%\@’ +00 OF — <0
(Vertical asymptote)

Z—-2x+5
90 = 5 Jm =T | lm g ==00

lim fG) = ol lim g(0) = 00

Your Discovery:
AS x> too, o horzonted or
Slant  asym ptote occurs

n _ As x>, the limit will approach
A Limit at Infinity is: ay~vaduc )Or will be unbounded

(horizontal asymptote)
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1. When a factor cancelled from the denominator a

In Pre-Calculus you learned some basic truths about rational functions.

hole

occurred.

2. When a factor would not cancel from the denominator a V&f ﬁC&l QS\/HY\P']DT& occurred.

EX #2: Use the previous equations to find the one-sided limits analytically.

h(c) =
zero

x=cis \/ortical asymp’rufe

A lim —2x% —2x + 12 B. 1im —2x% —2x +12
x-4~ x2—6x+8 x -4+  x2—6x+8
livn A X+ L1 _M = —00
X4 (X~ 0¢T) x>t T OX=H) -
lim —2(x+3)
_— = X=4,00|
o x- > X 9=
C xli_)l'rll_ x2 z_xz_xz-l— 5 D. x]i_1)111+ xzz—xz_xz-l- 5
i X2-3x345 o — oo lim X2-dx+5 o 4o
b vd i Q(X_\) — X |t A (x~\) _—
_ (+
=099 f00=12 x=loor £9=£2
+
Definition and Justification of Vertical Asymp’ro’res
Case #1: Case #2:
non — zZero h(C) _ Zero

zZero

x =c is: chaj'lon O‘IC a,hOIC

IN CALCULUS, YOU MUST USE NEW LANGUAGE IN ORDER TO JUSTIFY!

£ tim €)=
X=>C

LIMIT DEFINITION (JUSTIFICATION) OF
A VERTICAL ASYMPTOTE

or

him WC()Q -+
yoCt

+hen X=C 1S5 a vertical asymPJroTe.
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Topic 1.13: Removing Discontinvuities

EX #3: Use the function below to find any vertical asymptote(s) that exist. Justify your answer
using limits.
2x2+9x—5 o ~IM QX-\
S @ X
+3 10 Cx_a)(m) # X~
at x= 4 ,there 1s @ verhical O‘LS\/IY\P’I‘OJFE bic
lim h()=-00 and |im hO)=+00
X~>~ C X>qf
x |1994 \&.Oo\
01D, T4y behavor

h(x) =

Limits at Infinity
Next, we will explore limits at infinity in order to differentiate between the two conditions. Recall the
lessons from Pre-Calculus related to analyzing the end behavior of functions. In the exercise below,

use this prior knowledge to find each limit at infinity.

EX #4: Find each limit at infinity, explain your thinking.

A xli_r)nq)(ﬁ -Hx*+3) = 0O B.

This funchon 13 (gt_)ar‘i' i, by
end-behavior model the

limw(Sx?’ -2x+4) - —OQ0

x> —

A cobic fundion with @
posthve leodwyg coefficiont

leading coefficient TSes | poiis s x> —00 £

RS X=>00 f(x) INCLeases 0 thout  bourd.
without bourd. decreoses W

C. limgxz—_4 = 3 D. xl—i>r—noo 5;2;12 = Q_

x-o x2 + 1

denominator__ humexador

—

denominator» humexador

PDWH - POUJf’f POWCr POUJC’I‘
compare  coetficients to Y=0 15 horizontal
£ind horizontal asympiufe | dsymptote.

s Xx=>®, y=>3; y=3 H.A

0s X»=00,y=>04 Y=0 A,
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EX #5: There are only four possible outcomes when you explore behavior to the extreme
right or left.

A. The curve can increase without bound.

lim f(x) = 09

B. The curve can decrease without bound.

L %

uEn X200
,,,,,,,,,,,,,,,,,,,,, O A Y A
B T\ WS S A T | 3"7513
B N I A R X->—00
-3 —; -1 1 ;1' 3 3—9—w
C. The curve can become asymptotic to the D. The curve can become asymptotic to a specific
X-axis. y-value.
lim 0 = O Jim f0 =3
X 00 NERE RN
-0 Gem o= —mp =3
. 3 xé-w e ING 2T

y—)5

,,,,,,,,,,,,,,,,,,,,,,,,,,

Calculus Knowledge for Asymptotes

Revisiting the rules for finding potential horizontal asymptotes for rational functions from
PreCalculus, you can use the idea of a limit and calculus to see why those rules hold true.

1. If degree of numerator is less than degree of denominator (bottom heavy), then limit is zero.

Jmf (x)=0

2. If degree of numerator equals degree of denominator (powers equal), then limit is the ratio of

coefficients of the highest degree.

lim f(x) =

x—+oco

coefficient of numerator’s highest power

coefficient of denominator’s highest power

3. If degree of numerator is greater than degree of denominator (top heavy*), then limit does not

exist.

lim f(x) = to0

x—+oco
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Topic 1.9: Connecting Multiple Representations of Limits

EX #6: Divide every term in the rational expression by the highest power of x that appears in the
denominator. Then, apply the Properties of Limits to evaluate each “piece” to find the limit at infinity,

end behavior.

2x2 — 10x divide each

YT ers ferm by X2
;ng -5 o 2-0
\—%«L% [-0+0O
5, A8 X200, Y22
lim £09= 2
X-> 00 -
e %}’,'SC%
T > O+0
B Trdss 7 jroro

L. S X5, 5—>o

im £6)=0

X2 —
C oy XT3 divide each
e X =2 ferm by X
im X~ H4-X .
X~00 |- % = @
Slant  Agymplore
y=x-a iRl g [

G

un bOlmd chavn or
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EX #7: Summarize and discuss characteristics and end behavior at horizontal asymptotes and slant

asymptotes based on your observations in EX #6.

Functions with Horizontal Asymptotes

lim /00 = P beR

Jim f0)= b
TP\c line. i b is & horizona
asympioTe of the groph

Y =1(X).

Functions with Slant Asymptotes
lim f() = +00
lim flx) = +OO

Use long dmsnon P find

the € aho for Slant
ast;;m tote. TEST VALUES 1o

find _end - behavior:

IN CALCULUS, YOU MUST USE NEW LANGUAGE IN ORDER TO JUSTIFY!

LIMIT DEFINITION (JUSTIFICATION) OF
A HORIZONTAL ASYMPTOTE

£ lim )= or lim $&y=p, then Y=b
X~>00 X— =00
15 a horizontal asymptote of y= 1(X).

EX #8: CHALLENGE! Use algebraic techniques to find the

3x —

limits for g(x) = Fs , whose graph is shown.

x2 + 4

X = x| as x»>®©  divide Terms
by Vxa

X~ %0 =
\/Tr% 40 =

S Iarly as X=>- %o

lim ":3‘ —3-0 _

—

X->-00
/\+% |+D

Since 3% —=3 for x> -00

| x|

=
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Lesson 4: Intermediate Value Theorem

Continuity of a function will prove to be an important characteristic in many theorems for our course.
In order for theorems to be properly applied, we need to meet the certain conditions. Namely, the “if”
part, called the hypothesis, must be satisfied before we can apply the “then” part, or conclusion
(consequence) of the theorem.

In this lesson, we will explore our first existence theorem. Existence theorems allow us to draw
conclusions about a function’s behavior on an interval without precisely locating that behavior.

Topic 1.16: Working with the Intermediate Value Theorem (IVT)

Intermediate Value Theorem

The Big ldea:
The IVT says that a continuous function on an interval cannot skip values.

Using If/Then statements:
If a function y = f(x) is continuous on a closed interval [a, b] and f(a) # f(b), Then f(x)
takes on every value between f(a) and f(b) on that interval.

Another Approach:
Said in a different fashion, if we know a y-value, say y = k, that resides between the two
endpoints, f (a) and f (b), then we are guaranteed at least one x- value, x = ¢, between the
endpoints that generates that y-value, such that f(c) = k.

EX #1: Graphical representation of the Intermediate Value Theorem and its corollary:

o 100 vy £(b)>0

g
[~
]
o~

a<c<b f(6)<O
< c <fla) f(a) <0 < f(b)

An important outcome of LV.T is that it can

A continuous function on an interval
U ] be helpful in finding zeros of a continuous
cannot skip values.

function on an interval.
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EX #2:

Does the Intermediate Value Theorem apply on the specified intervals for the piecewise
functions shown below? Be sure to explain completely.

A. Isthere avalue of x = c on the interval [—2,5] such that

flc)=17?
yes, ¢ exists on =X S

B. Does LLV.T. guarantee a value of ¢ on the interval [—2, 5]
such that f(c) = 1? Justify.

no, VT does not 3uafar\1'ee a
Valye of X=c on [~%,5]
Since £(x) 15 not ConfinUous
on the interval.

C. Is there a value of x = c on the interval [1, 6] such that
g(c)=37?

no}‘(‘h@(‘@_ IS NO valoe where
g(c)=3 on |l£x<e6.

D. Does L.V.T. guarantee a value of ¢ on the interval [1, 6]
such that g(c) = 3? Justify.

no, WT will not ﬁuaran’ree a

valve where x=c on [ I,6].

4(c)=3 does not occur on
This nterval.

What three conditions are necessary to apply the
Intermediate Value Theorem?

. £ s continvovs funchon on [a,b]

2.

)=+ f(b)

3. f(c) must be between "P[Cl} and 10(19)
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EX #3: Apply the IVT, if possible, on [0, 5] so that f(c) = 1 for the function f(x) = x? + x — 1.

1) £(x) is continuous over reals
J) £(0)=~1, £(5)=d

3) Then, by VT, There oxists a valve C,
whefe 710(0)):1 Since F(x) takeS on

ever/ valve from -1 <1<329 6&n
O<LC<5H,

EX #4: Use the Intermediate Value Theorem to show that f(x) = x3 + 2x — 1 has a zero in the
interval [0, 1].

1) polynom\als are continuous everywhere

9) £(0) =1 and F(D=2 5 FOIFF(D

3) Since £lo)<0 and F(1)>0, Fhere must
he o vale Where £(cd=0 on the
intervel O<x<4 bj INVT

EX #5: A car travels on a straight track. During the time interval 0 < t < 60 seconds, the car’s
velocity v, measured in feet per second is a continuous function. The table below shows
selected values of the function.

t, in seconds 0 15 25 30 35 50 60

v(t) in ft/sec —20 | -30 | —20 | -14 | -10 | © 10

A. For 0 < t < 60, must there be a time t when v(t) = —=57?
B. Justify your answer.

D v(t) is confinvous

2) v(35)=—lo and V(50)=0

3) By IVT, there 1S & time, €, where
V{t)=-5 i3 quaranTeed 0N interval
35« £< 50 “Since —10< ~5<0.
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EX #6: Let g(x) be a continuous function. Selected values of y = g(x) are given in the table below.
For which value of k will the equation g(x) = 3/4 have at least two solutions on the closed

interval [2, 8] ? (3;"\) (5,5)
x 2 3 4 5 8 v‘: 9= F

gx) | 3 4 k 5 2 K <3/
: s 94 _3
(A) 1 (B) 7 ®7 %<
EX #7: For the functlonf(x)—{(x 3)%x = . Find £(5) and f(10) . Does IVT guarantee a
6, 5<x <10 :
y-value f(c) = k,on 5 < x < 10 such that £(5) < f(c) < f(10) ? Justify your answer.
) F(9)=H 5) Therefore, IVT does net apply
2) £(10)=6 since £(x) 18 not continuow
z) lim £x)=6 on[5,10] &t X=5, There i
x5t no uamn'fee for x=k where
lim £)£1(5) £(53< k< fl10) "
X757 (54

EX #8: The functions fand g are continuous for all real numbers. The table below gives values of
the functions at selected values of x The function h is given by h(x) = g(f(x)) + 2.
Explain why there must be a value w for 1 < w < 6 such that h(w) = 0.

N F+qg are continuous
everywhere, 80 h(x)
f@o | 2 9 8 13 1S continUow on

g(x) 3 —-12 5 28 LI )(Oj .

D)= g+ Hhle)= 9N +2
= g(axd -3¢ (g)+a
W) = -0 h(b)
4) By IVT, there exists & va\ue X=W
h(w) = 0 snce h(1)<0 <h(g) on The
ln’remt | <W<b.

x 1 2 6 8

where
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